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Abstract: Recently, a correspondence has been proposed between spectral theory and topolog¬ 
ical strings on toric Calabi-Yau manifolds. In this paper we develop in detail this correspondence 
for mirror curves of higher genus, which display many new features as compared to the genus one 
case studied so far. Given a curve of genus g, our quantization scheme leads to g different trace 
class operators. Their spectral properties are encoded in a generalized spectral determinant, 
which is an entire function on the Calabi-Yau moduli space. We conjecture an exact expression 
for this spectral determinant in terms of the standard and refined topological string amplitudes. 
This conjecture provides a non-perturbative definition of the topological string on these geome¬ 
tries, in which the genus expansion emerges in a suitable ’t Hooft limit of the spectral traces 
of the operators. In contrast to what happens in quantum integrable systems, our quantization 
scheme leads to a single quantization condition, which is elegantly encoded by the vanishing of 
a quantum-deformed theta function on the mirror curve. We illustrate our general theory by 
analyzing in detail the resolved C^/Zs orbifold, which is the simplest toric Calabi-Yau manifold 
with a genus two mirror curve. By applying our conjecture to this example, we find new quan¬ 
tization conditions for quantum mechanical operators, in terms of genus two theta functions, as 
well as new number-theoretic properties for the periods of this Calabi-Yau. 
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1 Introduction 

It has been conjectured in [1] that there is a precise correspondence between the spectral theory 
of certain operators and local mirror symmetry. This correspondence postulates that the Weyl 
quantization of mirror curves to toric Calabi-Yau (CY) threefolds leads to trace class operators 
on L^(]R), and that the spectral determinant of these operators is captured by topological string 
amplitudes on the underlying CY. As a corollary, one finds an exact quantization condition for 
their spectrum, in terms of the vanishing of a (deformed) theta function. The correspondence 
unveiled in [1] builds upon previous work on the quantization of mirror curves [2, 3] and on 
the relation between supersymmetric gauge theories and quantum integrable systems [4]. It 
incorporates in addition key ingredients from the study of the ABJM matrix model at large 
N [5-10]. These ingredients are necessary for a fully non-perturbative treatment, beyond the 
perturbative WKB approach of [3] and of other recent works on the quantization of spectral 
curves. 
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The correspondence of [1] between spectral theory and topological strings can be used to 
give a non-perturbative definition of the standard topological string. The (un-refined) topo¬ 
logical string amplitudes appear as quantum-mechanical instanton corrections to the spectral 
problem, and due to their peculiar form, they can be singled out by a’t Hooft-like limit of the 
so-called fermionic spectral traces of the operator. In addition, by using the integral kernel of 
the operator, which was determined explicitly in [11] in many cases, one can write down a matrix 
model whose \/N expansion gives exactly the genus expansion of the topological string [12, 13]. 
Therefore, one can regard the correspondence of [1] as a large N Quantum Mechanics/topological 
string correspondence, with many features of large N gauge/string dualities. In particular, it 
is a strong/weak duality, since the Planck constant in the quantum-mechanical problem, h, is 
identified as the inverse string coupling constant. 

All the examples of the correspondence that have been studied so far involve local del Pezzo 
CYs, and their mirror curve has genus one [1, 12-14]. It was pointed out in [1] that the relation¬ 
ship between the spectral theory of trace class operators and topological string amplitudes should 
hold for general toric CYs, i.e. it should hold for mirror curves of arbitrary genus. In this paper 
we present a compelling picture for the spectral theory/mirror symmetry correspondence in the 
higher genus case. This generalization involves some new ingredients. In the theory developed in 
[1] for the genus one case, the basic object is the spectral determinant of the trace class operator 
obtained by quantization of the mirror curve. It turns out that a curve of genus g^, leads to g^, 
different operators, which are related by explicit transformations^. As we show in this paper, 
there is nevertheless a single, generalized spectral determinant, which is an entire function on 
the moduli space of the CY manifold. The spectra of the different operators associated to a 
higher genus mirror curve are encoded in a single quantization condition, which is given, as in 
[1], by the vanishing of the generalized spectral determinant. This quantization condition can be 
formulated in an elegant way as the vanishing of a quantum-deformed Riemann theta function 
on the mirror curve; it determines a family of codimension one submanifolds in moduli space. 

The fact that we obtain a single quantization condition from a curve of genus might 
be counter-intutitive to readers familiar with quantum integrable systems, like for example the 
quantum Toda chain and its generalizations. In those systems, the quantization of the spectral 
curve leads to g's quantization conditions. This is of course due to the fact that the underlying 
quantum-mechanical system is 5 's-dimensional, and there are commuting Hamiltonians that 
can (and should) be diagonalized simultaneously. It should be noted, however, that the spectral 
curve by itself does not carry this additional information. In fact, in the case of quantum 
mechanical problems on the real line it is quite common that the quantization of a higher genus 
curve leads to a single quantization condition. This is what happens, for example, for the 
Schrodinger equation with a confining, polynomial potential of higher degree. 

As we have just mentioned, one of the main consequences of the conjecture of [1] is that it 
provides a non-perturbative definition of topological string theory. This can be also generalized 
to the higher genus case: as we show in this paper, the generalized spectral determinant leads to 
fermionic spectral traces Z{N,h), depending on g^, non-negative integers N = {Ni, ■ ■ ■ ,Ng^). 
In the’t Hooft limit 

h—)-oo, Ni^oo, ~ fixed, i = (1-1) 


^In this paper, we will denote by qt. the genus of the mirror curve, which should not be confused with the genus 
g appearing in the genus expansion. The former is a spacetime genus, while the latter is a worldsheet genus. 
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these traces have the asymptotic expansion 

logZiN,h) = Y,M^)^^~^^, ( 1 - 2 ) 

5>0 

where J^g(A) are the genus g free energies of the topological string, in an appropriate conifold 
frame. In particular, we can regard these fermionic spectral traces, which are completely well 
defined objects, as non-perturbative completions of the topological string partition function. 

The theory of quantum mirror curves of higher genus is relatively intricate, and we develop 
it in full detail for what is probably the simplest genus two mirror curve, namely, the total 
resolution of the C^/Zs orbifold. We perform a detailed study of the associated spectral theory, 
and in particular we determine the vanishing locus of the spectral determinant on the two- 
dimensional moduli space, in the so-called maximally supersymmetric case h = 2 tt. In addition, 
we give compelling evidence that the expansion of the topological string free energies near what 
we call the maximal conifold locus gives the large N expansion of the fermionic spectral traces. 
This provides a non-perturbative completion of the topological string on this background. As a 
bonus, we obtain non-trivial identities for the values of the periods of this CY at the maximal 
conifold locus in terms of the dilogarithm, in the spirit of [15, 16]. 

The organization of this paper is the following. In section 2, we develop the theory of 
quantum operators associated to higher genus mirror curves and we construct the appropriate 
generalization of the spectral determinant. In section 3 we present an explicit, conjectural ex¬ 
pression for the spectral determinant in terms of topological string amplitudes, and we explain 
how the large N limit of the spectral traces provides a non-perturbative definition of the all-genus 
topological string free energy. In section 4, we test these ideas in detail in the example of the 
resolved C^/Zs orbifold. In section 5, we conclude and present some problems for future research. 
The Appendix summarizes information about the special geometry of the resolved C^/Zs orbifold 
which is needed in section 4. 

2 Quantizing mirror curves of higher genus 
2.1 Mirror curves 

In this paper we will consider mirror curves to toric CY threefolds, and we will promote them 
to quantum operators. Let us first review some well-known facts about local mirror symmetry 
[17, 18] and the corresponding algebraic curves. The toric CY threefolds which we are interested 
in can be described as symplectic quotients, 

Y = C^+V/G, (2.1) 

where G = The quotient is specified by a matrix of charges Qf, i = O,-- - ,k + 2, 

a = 1, • • • ,k. The CY condition requires the charges to satisfy [21] 

k+2 

Y^Qf = 0, a = l,...,k. (2.2) 

i=0 

The mirrors to these toric CYs were constructed in [17, 19, 20]. They can be written in terms of 

3 + k complex coordinates Y* G C*, f = 0, • • • ,k + 2, which satisfy the constraint 

k+2 

J]Q“Y' = 0, a = l,...,k. (2.3) 

i=0 
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The mirror CY manifold X is given by 


w^w = Wx, 

(2.4) 

k+2 

Wx = ^ Xje^*. 

i=0 

(2.5) 


where 


The complex parameters Xi, i = 0, • • • , fe + 2, give a redundant parametrization of the moduli 
space, and some of them can be set to one. Equivalently, we can consider instead the coordinates 


k+2 

Za = '[\xf\ a = l,...,k. (2.6) 

i=0 

The constraints (2.3) have a three-dimensional family of solutions. One of the parameters corre¬ 
sponds to a translation of all the coordinates: 


Y*^y* + c, i = 0,--- ,k + 2, (2.7) 

which can be used for example to set one of the y*s to zero. The remaining coordinates can 
be expressed in terms of two variables which we will denote by x, y. There is still a group of 
symmetries left, given by transformations of the form [22], 



G G SL(2,Z). 


After solving for the variables y* in terms of x, y, one hnds a function 


( 2 . 8 ) 


Wx{e^,ey), 


(2.9) 


which, due to the translation invariance (2.7) and the symmetry (2.8), is only well-defined up 
to an overall factor of the form A,/r G Z, and a transformation of the form (2.8). The 

equation 

Wx{e'^,e^) = 0 ( 2 . 10 ) 

defines a Riemann surface S embedded in C* x C*. We will call (2.10) the mirror curve to the 
toric CY threefold X. All the information about the closed string amplitudes on X is encoded 
in S, as shown in [23-25]. 

The equation of the mirror curve (2.10) can be written down in detail, as follows. Given the 
matrix of charges Q“, we introduce the vectors. 


u 


(i) 


1 , V 


(0 
1 > 



i — 0, • • • , /c -|- 2, 


satisfying the relations 


k+2 

^Qft7«=o. 


i=0 

In terms of these vectors, the function (2.9) can be written as 

k+2 

Wx(e^, e^) = ^Xi exp -h 1^2^ y^ ■ 

j=0 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 
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Clearly, there are many sets of vectors satisfying these constraints, but they differ in reparametriza- 
tions and overall factors (as we explained above), and therefore they define the same Riemann 
surface. The genus of this Riemann surface, gs, depends on the toric data, encoded in the matrix 
of charges, or equivalently in the vectors Vi. Among the parameters (2.6), there will be 5 s “true” 
moduli of the geometry, and in addition there will be “mass parameters”, which lead typically 
to rational mirror maps (this distinction has been emphasized in [26, 27].) 

2.2 Quantization 

The quantization of mirror curves studied in [1], building on [2, 3], is simply based on Weyl 
quantization of the function (2.9), i.e. the variables x, y are promoted to Heisenberg operators 
X, y satisfying 

[x,y] = ih. (2.14) 

In the genus one case, when the CY is the canonical bundle over a del Pezzo surface S, 

X = 0{Ks) ^ 5, (2.15) 

the function (2.9) can be written in a canonical form, as 

Ws{e\ey) = Os{x,y) + u, (2.16) 

where u is the modulus of the Riemann surface. The quantum operator associated to the toric 
CY threefold, O 5 , is obtained by Weyl quantization of the function Os{x,y), and u plays the 
role of (minus) the exponentiated energy, or the fugacity. 

The higher genus case is much richer, due to the fact that there are gj: different moduli for 
the curve. As a consequence, there will be gj] different “canonical” forms for the curve, which 
we will write as 

Oi{x,y) + Ki = 0, i = l,---,g^. (2.17) 

Here, Ki is a modulus of S, and in practice it is one of the XjS appearing in (2.13). Of course, 
the different canonical forms of the curves are related by reparametrizations and overall factors, 
so we will write 

Oi + Ki = Vij {Oj + Kj) , i, j = 1, ■ ■ ■ ,g-£, (2.18) 

where Vij is a monomial of the form Equivalently, we can write 

= (2.19) 

We can now perform a standard Weyl quantization of the operators Oi{x,y). In this way we 
obtain g-£ different operators, which we will denote by 0*, i = 1, • • • ,3s- These operators are 
Hermitian. The relation (2.18) becomes, 

Oi + Ki = Pjf (0, +K,)Plf, = 1,--- ,3s, (2.20) 

where Pij is the operator corresponding to the monomial Vij. In this relation, the “splitting” of 
Pij in two square roots is due to the fact that we are using Weyl quantization, which leads to 
Hermitian operators. The expression (2.19) becomes, after promoting both sides to operators. 
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Figure 1. A height one slice of the vectors (2.31), providing the toric data for the resolved C^/Zs orbifold. 


We can regard the operator as an “unperturbed” operator, while the moduli Kj encode 
different perturbations of it. We will also need, 

= i = (2.22) 

By comparing the coefficients of Kj in the relation (2.20), we find 

= PJ/ (2.23) 

and 

P^k = P-f P.fcPlf, i ^ k. (2.24) 

Amusingly, these relationships are a sort of non-commutative version of the the relations between 
transition functions in the theory of bundles. We will set, by convention. 


Pa = 1, i = 1, • • • ,g's. 


(2.25) 


We also have 


q(0 ) ^ pl/2Q(0)pl/2 

ij ij 


(2.26) 


Before proceeding, let us examine some examples to illustrate the considerations above. 


Example 2.1. The resolved orbifold. Let us consider the CY given by the total resolution 

of the orbifold ^ where the action has weights (3,1,1). This geometry has been studied in 
detail in various references, like for example [28-31], and (refined) topological string amplitudes 
on this background have been recently calculated in [27]. The vectors of charges are given by 


= (-3,1,1,1,0), (1,0,0,-2,1). 


(2.27) 


To parametrize the moduli space, we introduce five variables xq, • • • , X 5 , as well as the combina¬ 
tions 

X1X2X3 


z\ = 




22 = 


X0X4 


(2.28) 


- 6 - 






A useful choice of vectors for this example is 

Z7(0) = (1,0,0), 

i7W = (1,1,0), 

17(2) = (1,0,1), (2.29) 

z7(3) = (i,_i,_i), 

17(4) = (1,-2,-2), 

and the equation for the Riemann snrface reads, after setting xi = X 2 = X 4 = 1, 

e^ + ey + e-2^-22^ + xse-^-^ + xq = 0. (2.30) 


However, it is easy to see that one can also choose the vectors 

17(0) = (1,-1,0), 

17(1) = (1,0,1), 

17(2) = (l,-3,-1), (2.31) 

17(3) = (1,0,0), 

17(^) = (1,1,0), 

which leads to the equation 

e* + e^^ + e“3*“2^ -|- xoe~^ + X 3 = 0. (2.32) 


In Fig. 1 we show the vectors i/j for the system (2.31) (this is sometimes called a height one slice 
of the fan (2.31)). Of course, although we have chosen the same notations, the variables x, y 
appearing in (2.32) are not the same ones appearing in (2.30). Rather, they are related by a 
canonical transformation, 

— X — y ^ x, 2x + y —7 y. (2.33) 

In this case, the two canonical functions Oi{x,y) and 02 {x,y) are given by 


Oiix, y) = e" + e^ + + X3e-"-^ 

C> 2 {x, y) = e* + e^ + + xoe""^. 


(2.34) 


and the moduli are 


Ki = Xo, K 2 = X 3 . 


(2.35) 


In the coordinates appropriate for Oi(x,y), we have 1^12 = e * while in the coordinates 
appropriate for 02 {x, y), we have 7^21 = e“^. In terms of the three-term operators introdnced in 
[ 11 ], 

0,„,n = e>^ + ey + e-“y, (2.36) 

the unperturbed operators are 


0 



02,2, 



03,1- 


(2.37) 


The theory of the operators (2.36) has been developed in some detail in [11], and it will be quite 
useful to test some of our results later on. □ 
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Example 2.2. The resolved ^ orbifold, or A 2 geometry. Let us now consider the total 
resolution of the orbifold C^/Zg, where the action has weights (4,1,1). This is precisely the 
A 2 geometry studied in the first papers on local mirror symmetry [17, 18], which engineers 
geometrically SU{3) Seiberg-Witten theory. It has also been studied in some detail in [27]. In 
this case, the charge vectors are 

= (- 2 , 1 , 0 , 0 , 1 , 0 ), ( 1 ,- 2 , 1 , 0 , 0 , 0 ), ( 0 , 0 , 0 , 1 ,- 2 , 1 ). (2.38) 


Like before, we can parametrize the moduli space with six coordinates Xj, i = 0, • • • , 5, or in 
terms of 


X 1 X 4 


- - XqX 2 "^3.^5 /r, Qn'l 

Zi = —(2.39) 

Xq x^ 

The coordinates zi, Z 2 are true moduli of the curve, while z^ is rather a mass parameter [27]. A 
useful choice of vectors is, 


X 3 X 5 


z7(o) = (l,-l,0), 
z7W = ( 1 , 0 , 0 ), 

= ( 1 , 1 , 0 ), 
z7(3) = ( 1 , 0 , 1 ), 


(2.40) 


z7(4) = ( 1 ,- 2 , 0 ), 

p(5) = (i,_4,-i), 

and after setting X 2 = X 3 = X 5 = 1 , we find the curve 


e^ + e^ + + xoe"^ + xi = 0 . 


(2.41) 


It is easy to see that there is another realization of this curve as 

e^^ + e^ + e-^-2^ + X4e-* + xie^ + xq = 0. (2.42) 

Here, we can regard X 4 as a parameter, and xq, xi as the moduli. The canonical operators 
derived from this geometry are then given by 

Oi{x, y)=e^ + ey + e-^^-y + x4e-2^ + xge"^, 

02 (x, y) = e^^ + ey + e-y-"^^ + X 4 e-^ + xie^. 

They can be regarded as perturbations of 04 , 1 , and of Oi,i, respectively. 

It was noted in [1], in the genus one case, that the most interesting operator was not really 
Os, but rather its inverse ps- The reason is that ps is expected to be of trace class and positive- 
definite, therefore it has a discrete, positive spectrum, and its Fredholm (or spectral) determinant 
is well-defined. It was rigorously proved in [11] that, in many cases, this is the case, provided 
the parameters appearing in the operators satisfy certain positivity conditions. In analogy with 
the genus one case, we expect the operators 

Pi = Or\ i = l,...,<7s (2.44) 

to exist, be of trace class and positive-definite. In the concrete examples that we have considered, 
this actually follows from the results in [11]. In that paper, it was shown that 

Pm,n = Om,n (2-45) 


(2.43) 

□ 


- 8 - 





exists and are of trace class. It was also shown that the inverse of 


Om,n + V, (2.46) 

where V is positive and self-adjoint, is also of trace class. Clearly, the operators obtained by 
Weyl quantization of (2.34) and (2.43) are of this type. 

2.3 The generalized spectral determinant 

According to the conjecture of [1], when the mirror curve has genus one, many important aspects 
of the spectral theory of px can be encoded in the topological string amplitudes on X. We would 
like to generalize this to mirror curves of higher genus. What are the natural questions that we 
would like to answer from the point of view of spectral theory? Clearly, we would like to know 
the spectrum of the operators Oj in terms of enumerative data of X, and in addition, as in [1], we 
would like to have precise formulae for the spectral determinants of their inverses pi. However, 
one should note that, due to (2.20), the operators pi are closely related, and their spectra and 
spectral determinants are not independent. 

In a more fundamental sense, we need an appropriate multivariable generalization of the 
spectral determinant. In the genus one case, when X is a local del Pezzo of the form (2.15), 
there is one single modulus k, and the spectral determinant 

H 5 (k, ^) = det (1-k Kps) (2.47) 

can be defined in at least three equivalent ways (see [32, 33] for a detailed discussion of this 
issue). The first one is as an infinite product, 

Ss(k, fi) = ]^ (1 + Ke"-®") , (2.48) 

n>0 

where we denoted the eigenvalues of the positive definite, trace class operator ps by e~^", 
n = 0,1, ■■■. A more useful definition, advocated by Grothendieck [34] and Simon [32, 33], 
involves the fermionic spectral traces Zs{N,K), defined as 

Zs{N,h) = TT{A^{ps)), N=l,2,--- (2.49) 

In this expression, the operator {ps) is defined by p®^ acting on A^ (L^(M)). A theorem of 
Fredholm [35] asserts that, if ps{xi,Xj) is the kernel of ps, the fermionic spectral trace can be 
computed as a multi-dimensional integral, 

Zs{N,h) = ^ J det{ps{xi,Xj)) d^x. (2.50) 

The spectral determinant is then given by the convergent series, 

OO 

Es{k, h) = l+Y, Zs{N, h)K^. (2.51) 

N=l 

Another definition of the Fredholm determinant is based on the Fredholm-Plemelj’s formula, 

=s(k,^) = exp|-^^-^Trp||. (2.52) 
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In the higher genus case, there should exist a generalization of the spectral determinant (2.47), 
depending on all the moduli ni-, - ■ ■ , Kg^. We also expect to have spectral traces depending on 
various integers W; ^ = 1) •'' iS's- One motivation for this comes from the connection between 
fermionic spectral traces and matrix models developed in [12, 13]: in the higher genus case, we 
expect to have a multi-cut matrix model, and there should be as many cuts as true moduli in 
the model. 

In order to construct this generalization, we consider the following operators, 

Ni = pT^jh i,/ = l,--- (2.53) 

The operators p® were defined in (2.22), while the operators Pji are defined by (2.20). We will 
assume that the are of trace class (this can be verified in concrete examples). We now define 
the generalized spectral determinant as 


Hx(k; h) = det (1 -I- KiAji H-h Kg^Ajg^) . (2.54) 

This definition does not depend on the index j: from the relationships (2.26) and (2.24), we find 

(2.55) 

Different choices of the index lead to operators related by a similarity transformation, and their 
determinants are equal. The generalized spectral determinant (2.54) can be of course regarded 
as the conventional spectral determinant of the operator 

^i^ji (2.56) 

As shown in [33], if the operators Aji are of trace class, as we are assuming here, (2.54) is an 
entire function on the moduli space parametrized by ki, - ■ ■ , Kg^ . This function can be expanded 
around the origin k = 0 , as follows, 

ExiK-,h)= ^ ^x(W,h)Kf (2.57) 

iVl>0 Ng^>0 


with the convention that 

Zx{0,--- ,0-,h) = l. (2.58) 

This expansion defines the (generalized) fermionic spectral traces Zx{N,h), as promised. These 
are crucial in our construction, since they will provide a non-perturbative definition of the topo¬ 
logical string partition function on X. Fredholm’s formula (2.50) can be now used to give an 
explicit expression for these traces. Let us consider the kernels Aji{xm, Xn) of the operators 
defined in (2.53), and let us construct the following matrix: 


i-i i 

Rj{Xm,Xn) = Aji{xm,Xn) if '^Ns<m<'^Ns. (2.59) 

Then, we have that 

Zx{N]h) = jy , ^ ^ , j detm,niRj{Xm,Xn))d^X, (2.60) 
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where 


(2.61) 


Ps 


n = J2n. 


S = 1 

As we showed above, the definition does not depend on the choice of j = 1, • • - Note that 
the expansion (2.57) has detailed information about the traces of all the operators Ajj and their 
products. 

Let us write some of the above formula in the case gs = 2, since we will use them later in 
the paper. In this case, the fermionic spectral traces can be written as 


/ Aji{xi,xi) 


Zx{Ni,N2-,h) = 


1 


N 1 IN 2 I 


det 


Aji{xi,XN) \ 


Ajl{xNi,Xi) ■■■ Aji{xNi,XN) 
Aj2{xNi+l,Xl) ••• Aj2{xNi+l,XN) 


\ Aj2ixN,Xi) 

One finds, for example 

Zx(l, l;h) = Tr Aji Tr Aj 2 - Tr (AjiAj 2 ) 


dxi---dx7v- (2.62) 


Aj2{xN,XN) J 


= j dxidX2 {Aji{xi,Xi)Aj 2 ix 2 ,X 2 ) - Aji{xi,X 2 )Aj 2 {x 2 ,Xi)) , 


(2.63) 


as well as 


Zxi 2 , 1 ; h) = Tr (A^iAj2) - ^Tr (A^^) Tr Aj2 + ^ (Tr A^i)^ Tr Aj2 - Tr A^i Tr (AjiAj2), 
Zxil, 2 ;h) = Tr (AjiA^2) “ :^Tr A^iTr (A^2) + ^Tr A^i (Tr Aj2)^ - Tr (AjiAj2) Tr Aj2. 


(2.64) 


As we mentioned above, the integral (2.60) should be regarded as a generalized multi-cut matrix 
model integral. 

What is the motivation for the dehnition (2.54)? We should expect the generalized spectral 
determinant to contain information about the operators (2.44). To see that this is the case, let 
us consider the spectral determinant 

det (1-|-Kipi). (2.65) 

By using Fredholm-Plemelj’s formula (2.52), the log of this function can be computed as 


E 

£1=1 


h 


Tr (of ^ + P 


-ei 


where 


We hrst note that. 


Pi — ^ 


Tr ( of ^ + Pi) = Tf 


-£ 


( 0 ) 

Pi 


l + pf^Pl, 


( 2 . 66 ) 

(2.67) 

( 2 . 68 ) 
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By expanding each denominator in a geometric power series, we find that (2.66) is given by 


EE-E 

h>ll2>0 ^9s>0 


■^1 +•••+' 


■QT. 


^ Tr(Vb). 

W&Wi 


(2.69) 


In this equation, 

£ = (4,---,4e) (2-70) 

and Wf, is the set of all possible “words” made of ii copies of the letters Aij defined in (2.53). It 
is easy to see that (2.69) is almost identical to 


(— 1 )^ 

K) = log Hx(k; ^) = - X] -(/^lAll H-h KgsAlgs) 


p>i 


EE-E 


1 




9E 


(_^,)^ 1 ...(_^^J^.. ^ Tr(bb), 


(2.71) 


£i>0£2>0 

except that all the terms have a strictly positive power of ki. It follows that 

det 1 + Kipi = ^ //n - VT\- 

=x((0,K2,-- - ,Kg^)-,n) 

In addition, a simple inductive argument shows that 


Hx(k; h) = det (1 + Kipi) det ( 1 + K 2 P 2 


Kl=0 


det 1 + Kg^Pg^ 


K \ — ■ ■ ■ — — 1 —^ 


(2.72) 


(2.73) 


In this derivation, we have taken as our starting point the operator pi and its spectral determi¬ 
nant, but it is clear that we could have used any other operator pi, i = 1, ■ ■ ■ , 52 - In particular, 
we have 


det (1 -b KiPi) = 


Ex{K;h) 


i = 1, 


,5s- 


(2.74) 


(^ 1 , ■ ■ ■ , 1 ,0, Kj-(-l, • • • , Kgj,,/i) 

If we set all moduli to zero in (2.74), except for Ki, we find 

det (^1-b = Hx(0, • • • ,0, Ki,0, • • • ,0;/i), i = (2.75) 

Therefore, the generalized spectral determinant specializes to the spectral determinant of the 
unperturbed operators appearing in the different canonical forms of the curve. We will see for 
example that the generalized spectral determinant associated to the resolved C^/Zs geometry 
gives, after suitable specializations, the spectral determinants of the operators psq and p 2 , 2 - 
The attentive reader has probably noticed that the operators Aji defined in (2.53) are not 
Hermitian, in general. However, the generalized spectral traces defined by (2.57) are real (for 
real h). This follows immediately from (2.73), which expresses (2.54) as a product of spectral 
determinants of Hermitian operators. 

The generalized spectral determinant (2.54) vanishes in a codimension one submanifold of the 
moduli space. This submanifold is a global analytic set, since it is determined by the vanishing 
of an entire function (see [36]). It contains all the required information about the spectrum of 
the operators pi appearing in the quantization of the mirror curve. For example, it follows from 
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(2.74) that it gives the spectrum of eigenvalues e“®"’ of a given operator pi, as a function of the 
other moduli Hj, j ^ i. Since this holds for the different operators pk, k = 1, - ■ ■ ,gs, it follows 
that their spectra are closely related. Heuristically, this can be already seen from (2.20). Let 


us suppose that 
I ^ i. Then, 


is an eigenstate of Oj, with eigenvalue An\ and for given values of the Kt, 


iV'!i’>> = Pif i#>. 


(2.76) 


is an eigenstate of Oj with eigenvalue —kj, where the parameters ki appearing in Oj, I ^ j, are 
the same ones that appear in 0*, for I / i, while Ki = — Of course, since is not bounded, 
the relation (2.76) only holds if the square integrability of the wavefunction is not jeopardized. 
This is the case in the examples that we have looked at, like the resolved C^/Zs orbifold. 

Interestingly, the codimension one submanifold determined by the vanishing of the gener¬ 
alized spectral determinant has been recently proposed as the natural definition of the joint 
spectrum of the gf^-uple of non-commuting operators Aji, • • • , [36, 37]. 


2.4 Comparison to quantum integrable systems 

In the theory that we have developed in the previous sections, the quantization process leads 
to py, different operators. However, these operators are related by reparametrizations of the 
coordinates and the relation (2.20). In particular, there is a single quantization condition for 
all of them, given by the vanishing of the generalized spectral determinant (2.54), as in [1]. 
This vanishing condition selects a discrete family of codimension one submanifolds in the moduli 
space parametrized by ki, • • • , Kg^. We will determine this family in some detail in the case of 
the C^/Zs orbifold. 

As we mentioned in the Introduction, our quantization scheme might be counter-intuitive 
for readers familiar with quantum integrable systems, in which the quantization of a genus qy 
spectral curve leads typically to qy quantization conditions. In order to appreciate the difference 
between the two quantization schemes, let us review in some detail the case of the periodic 
Toda chain of N sites. This system is classically integrable, with qy = N — 1 Hamiltonians in 
involution (see [38] for an excellent exposition of the classical chain). In the quantum theory, the 
Hamiltonians can be diagonalized simultaneously and one obtains in this way qy quantization 
conditions that determine their spectrum completely [39]. An elegant way to obtain the spectrum 
is by using Baxter’s equation [40, 41], which in the case of the Toda chain is given by, 

Q{x + \h) + \~^Q{x — \h) = A{x)Q{x), (2.77) 


where 


Af-l 

A(x) = ^ x^-^-^Kj. 


(2.78) 


The Kj can be interpreted as the Hamiltonians of the Toda chain. It was shown in [41] that, by 
requiring Q{x) to be an entire function which decays sufficiently fast at infinity, one recovers the 
quantization conditions of [39]. 

Baxter’s equation can be obtained by formally “quantizing” the spectral curve of the Toda 
chain, which can be written as 

2coshy = A(x). (2.79) 


The conserved Hamiltonians ki, • • • , Kg^ are the moduli of the curve. The variables y and x can 
be regarded as canonically conjugate variables, in which y plays the role of the momentum. In 
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order to quantize (2.79), we promote x, y to Heisenberg operators. In the position representation 
we have 


y 


.. d 


(2.80) 


If we now regard (2.79) as an operator equation, acting on a wavefunction of the form 


= exp 



Q{x), 


(2.81) 


we recover Baxter’s equation (2.77). As already noted by Gutzwiller [39], this procedure is purely 
formal, since the spectral curve (2.79) does not determine by itself the conditions that Q{x) has 
to satisfy, and one needs additional information. A more detailed analysis [39, 42, 43] shows that 
this information is provided by the standard L^(M®^) integrability of the original many-body 
problem, which forces Q{x) to be entire and to decay at infinity in a prescribed way. 




• • I 


• • 


Ki 



Figure 2. In the quantum Toda lattice, the quantum spectral curve leads to gs = N — 1 quantization 
conditions, which select an infinite set of points in the moduli space parametrized by ki, • • • ,Kgj,. We 
show a cartoon of this situation in the case = 2^ which should be compared to the actual calculation 
in Figure 4 of [47]. 

The resulting quantization conditions can be also analyzed in a WKB approximation [41]. 
If we use an ansatz for the wavefunction (2.81) of the form, 

V^(x) ~ exp|-^5'(x;h)| , (2.82) 

where 

S{x-,h) = ^fi^Sn{x), (2.83) 

n>0 

the leading term is determined by Sq{x) = y{x), where y{x) solves the equation for the spec¬ 
tral curve (2.79), as expected. Based on the all-orders WKB solution (2.83), we can define a 
“quantum” differential as 

A = dxS{x-, h)dx. (2.84) 

Analyticity of Q{x) leads to all-orders Bohr-Sommerfeld quantization conditions, 

® A = 27rhnj, i = (2.85) 

JBi 
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where Bi are appropriate cycles on the curve (2.79). It was conjectured in [4] that these conditions 
can be derived from the Nekrasov-Shatashvili (NS) limit of the instanton partition function 
of SU{N), M = 2 Yang-Mills theory. This limit leads to a quantum-deformed prepotential 
h), where a = (ui, • • • , Ug^) are flat coordinates parametrizing the Coulomb branch and 
= N — 1 is the genus of the Seiberg-Witten curve. The conjecture of [4] states that the 
periods appearing in (2.85) are related to this prepotential by 

^ A, i = l,---,gj:. (2.86) 

I J Bi 


In addition, the flat coordinates ai are related to the ki, • • • ,Kg^ through a “quantum” mirror 
map, 



where Ai are appropriate cycles on the spectral curve. This conjecture was verified, in the very 
first orders of the perturbative WKB expansion, in [44, 45]. Additional evidence for this claim 
has been also provided in for example [46]. 

Therefore, in the case of quantum integrable systems of the Toda type, one has g^, quanti¬ 
zation conditions, which in the all-orders WKB quantization can be written as in (2.85). The 
solution to these conditions on the g(s-dimensional moduli space parametrized by the Hamilto¬ 
nians Ki,--- , Kgj, is a set of points, i.e. a submanifold of codimension g^,- In Fig. 2 we show 
a cartoon of how the quantization conditions, in the case of g^, = 2, lead to such a discrete 
spectrum. This cartoon should be compared to Figure 4 of [47], which shows the result of the 
actual calculation. 

As we already noted, the quantum version of the Toda spectral curve does not lead by itself 
to a well-defined spectral problem: one needs additional conditions that follow from a detailed 
analysis of the original integrable system, which has gj] Hamiltonians in involution and requires 
g-£ quantization conditions. However, this does not mean that a curve of genus g-£ should always 
lead, after quantization, to gj: quantization conditions. The simplest example showing that this 
is not the case is a one-dimensional particle in an (even) confining potential, with a classical 
Hamiltonian 

//(x,?/) = YK(x), K(x) = -I-hCQ. (2.88) 

The curve 

H{x,y) = E (2.89) 

has genus g-^ = N — 1. The “quantization” of this curve leads to a standard eigenvalue problem 
for a Schrodinger equation with potential V{x). For real Cj,i = 0,-- - ,iV — 1, the spectrum is real 
and discrete, and there should be a single quantization condition, expressing the energy K as a 
function of the parameter c* and the quantum number n. Semiclassically, and for E sufficiently 
large, the quantization condition is simply given by the Bohr-Sommerfeld rule. 


^ y(x)dx = 2 'Khn, 


n = 0,1, 


(2.90) 


where B is the cycle associated to the turning points of the classical motion. Therefore, although 
the curve (2.88) has genus N — 1, when interpreted as describing a particle in an even, confining 
potential, its quantum version should lead to a single quantization condition, associated to the 
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preferred cycle B. One could think that the other cycles of the higher genus curve do not play a 
role. However, this is not so. The reason is that, in the exact WKB method, one should consider 
complex trajectories around all possible cycles of the underlying curve, and these trajectories will 
lead to complex instanton corrections to (2.90), as first pointed out in the seminal paper [48]. 



Figure 3. The quantization of a higher genus mirror curve leads to a single quantization condition, 
which defines a discrete family of codimension one submanifolds in moduli space. Here, the Ki should be 
understood as —e^’, where Ei are the energies. This cartoon should be compared to the actual calculation 
for the resolved 'E? geometry and h = 27r, in Fig. 5. 

The quantization of higher genus mirror curves considered in this paper is in fact very similar 
to the quantization of the curve (2.89): there is in principle no need to specify g^, quantization 
conditions, since (at least in the cases we have considered) the relevant operators Oj have a 
well-dehned discrete, positive spectrum which is determined by a single quantization condition. 
This condition determines a discrete family of codimension one submanifolds in moduli space. A 
cartoon for what we expect when = 2 is shown in Fig. 3. At the same time, our quantization 
scheme leads to a genuine g'y-dimensional problem, as reflected in the fact that we have 
different operators and our generalized fermionic spectral traces depend on gj^ different integers. 
Our goal will be to determine the quantization condition, as well as the generalized spectral 
determinant (2.54) and spectral traces, from the topological string amplitudes on X. The cartoon 
in Fig. 3 can be compared to the actual calculation of such a family in the example of the resolved 
C^/Zs geometry, and for h = 27r in Fig. 5. 

3 Spectral determinants and topological strings 

3.1 A conjecture for the generalized spectral determinant 

We will now state our main conjecture, which generalizes [1] to the higher genus case, and provides 
an explicit expression for the generalized spectral determinant (2.54) in terms of topological string 
amplitudes. As in [1], the key object is the (modified) grand potential introduced in [9]. 

In order to state the conjecture, let us hrst recall some basic geometric ingredients. As we 
noted above, in the geometry there are g^, moduli, i = 1, ■ ■ ■ , gfy, and ry mass parameters, 
^j, j = 1, • • • ,ry. The classical mirror map expresses the large radius, Kahler parameters ti of 
the CY in terms of k, ^j. We will also parametrize the moduli through the “chemical potentials” 
m, dehned by 

Ki = e'"% i = !,■■■ ,5y. (3.1) 
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There are g-£ + Kahler parameters and their mirror map at large fii is of the form 

ti^'^CijUj+ i = I,--- ,5's + ?’s, (3.2) 

j=i i=i 

where are in general function of the mass parameters as discussed for instance in [14]. In 
particular, this means that the complex moduli Zi corresponding to the Kahler parameters U are 
given by 

- log + ^OifelogCfe, i = 1, • • • + rs- (3.3) 

j=i k=i 

The coefficients Cij determine a [qy, + vy) x Qt, matrix which can be read off from the intersection 
data of X. The truncated version 


Cij, i,j = l,---,gY (3.4) 

is an invertible matrix and it agrees (up to an overall sign) with the matrix Cij appearing in [27]. 
As first shown in [3], the mirror map can be promoted to a quantum mirror map ti{h) which 
depends now on h. Explicit expressions for the quantum mirror map can be obtained in various 
ways, see for instance [49, 50] for examples. We note however that the algebraic mirror maps for 
t^. remain undeformed [50]. 

In addition to the quantum mirror map, we need the following topological string theory 
ingredients. First of all, we have the conventional genus g free energies Fg{t) oi X, g > 0, in the 
so-called large radius frame. We have, at genus zero, 

Fo(t) = ^Qijktitjtk + ^ (3.5) 

d 

At genus one, one has 

Fiit) = biU + Y,Nte-^-\ (3.6) 

d 

while at higher genus one finds 

Fgii) = Cg + '£Ny^-\ 5 >2, (3.7) 

d 

where Cg is a constant, called the constant map contribution to the free energy [51]. The total 
free energy of the topological string is formally defined as the sum, 

F (tiffs) = 'y ^ ffs^ '^s(t) ~ .^^*^^(t)ffs) + (3-8) 

3>0 3>0 d 

where 

F^^\t,gs) = ^ttijkUtjtk + biti + '^Cgg‘^<^~‘^. (3.9) 

g>2 

As it is well-known [52], the sum over Gromov-Witten invariants in (3.8) can be resummed order 
by order in exp(—tj), at all orders in gg. This resummation involves a new set of enumerative 
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invariants, the so-called Gopakumar-Vafa (GV) invariants rig. Out of these invariants, one 
constructs the generating series 


1 


(t, Ss) = Y.Y.Y1 -’"s (2 


wg,\2g-2 d-t 


2 / 


g>0 d v)=l 

and one has, as an equality of formal series. 


(3.10) 


(3.11) 


One can generalize the Gopakumar-Vafa invariants to defined the so-called refined BPS invariants 
[53-55]. These invariants depend on the degrees d and on two non-negative half-integers, ji, Jr- 
We will denote them by and they are also integers. The Gopakumar-Vafa invariants are 

particular combinations of these refined BPS invariants, and one has the following relationship 
between generating functionals, 

Xii(g)(2jR + ^ 

jL,jR g>o 

where g is a formal variable and 


Xj{q) 


g 2 i+i _ q 2 j 1 


q-q 


-1 


(3.13) 


is the SU{2) character for the spin j. We note that the sums in (3.12) are well-defined, since 
for given degrees d only a finite number of ji, Jr, g give a non-zero contribution. Out of these 
refined BPS invariants, one can define the so-called NS free energy. 




ktitjtk + bf^tih + 


6 h 


H] 


JL,JR 

JlJr 'U'.d 


Sin f (2j z. + l)sinf (2j^ + 1) ^_^d.t 
2u;2'sin3 ^ 


(3.14) 


In this equation, the coefficients aijk are the same ones that appear in (3.5), while can be 
obtained by using mirror symmetry as in [56]. This generating functional involves a particular 
combination of the refined BPS invariants, which defines the NS limit of the refined topological 
string. The NS limit was first discussed in the context of gauge theory in [4]. By expanding 
(3.14) in powers of h, we find the NS free energies at order n. 


= (3.15) 

n=0 


and the expression (3.14) can be regarded as a Gopakumar-Vafa-like resummation of the series 
in (3.15). We recall that the first term in this series, T[^®(t), is equal to Tb(t), the standard 
genus zero free energy. Note that the term involving the coefficients bf^ contributes to iP|^®(t). 

With all these ingredients, we are ready to define, following [9], the so-called modified grand 
potential of the GY X. It is the sum of two functions. The first one is 


iWKB 

->x 




h) 


ti{h) dF^^{t{h),h) b? d f F^^{t{h),h) 
27r dti 21^ dh\ h 


+ -j-biti{h) + d.(^, h). 


(3.16) 


- 18 - 





Note that, in the second term, the derivative w.r.t. h does not act on the implicit dependence 
of ti{h) (it is a true partial derivative). The function A{^,h) is not known in closed form for 
arbitrary geometries, although detailed conjectures for its form exist in some cases. It is closely 
related to a resummed form of the constant map contribution appearing in (3.7). The function 
(3.16) is perturbative in h, and it can be in principle obtained by performing a resummation of 
the all-orders WKB expansion, hence its name. At leading order in h, the quantum mirror map 
becomes the classical mirror map ti{h) ~ ti, and 

= + , (3.17) 

where 

1 / dF \ 

= — (3.18) 

and To is the genus zero free energy. 

The second function is the “worldsheet” modified grand potential, which is obtained from 
the generating functional (3.10), 

JF(/^.{,S) = (^t(fi) . (3.19) 

It involves a constant vector B (or “B-field”) which depends on the geometry under consideration. 
This vector should satisfy the following requirement: for all d, jT and Jr such that Nf ■ is 

J L R 

non-vanishing, we must have 

{-lfiL+2jR+i ^ (-3 20) 

For local del Pezzo CY threefolds, the existence of such a vector was established in [9]. Note 
that the effect of this constant vector is to replace 

e-* ^ (3.21) 


in the generating functional (3.10). Note as well that the string coupling constant Qs is related 
to the Planck constant of the spectral problem by 

9s = -J-. (3.22) 

Therefore, the strong string coupling regime corresponds to the semiclassical limit of the spectral 
problem, while the weakly coupled regime of the topological string corresponds to a highly 
quantum regime in the spectral problem. 

The total, modified grand potential is the sum of the above two functions, 

h) = h) + K), (3.23) 


and it was first considered in [9]. When the mirror curve has genus one, it agrees with the modihed 
grand potential of [1], although we have written it in a slightly different way. In particular, the 
modified grand potential of [1] involves a perturbative part, a membrane part, and a worldsheet 
part. Here, we have put together the perturbative and the membrane part in the WKB grand 
potential. The quantity (3.23) has the following structure, 

Jx(a^,4,^) = r^ai,kti{h)tfih)tk{h) + t,(T) + 0 . (3.24) 
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The last term stands for a formal power series in ^- 2 'Kti{K)/h^ whose coefficients depend 

explicitly on h. However, this series is a priori ill-dehned when h is a rational multiple of vr. This 
is due to the double poles in the trigonometric functions appearing in (3.14) and (3.10). However, 
although the generating functionals (3.16) and (3.19) diverge separately, the poles cancel in the 
sum [9], as in the HMO cancellation mechanism discovered in [7]. The presence of a H-field 
satisfying (3.20) is crucial for this cancellation. In the higher genus case, we have established 
the existence of such a B in the examples we have studied. Clearly, it would be important to 
determine B in full generality for any toric geometry. Note that, in addition, our expression for 
(3.23) is, as in [1], intrinsically a large radius expansion. We note that only at large radius we 
have geometric tools to sum up the h corrections at all orders. 

After introducing all of our ingredients, we are ready to state our main conjecture. We claim 
that the generalized spectral determinant (2.54) is given by 

Ex{K;h)= ^ exp(Jx(/.t + 27rin,^,h)) . (3.25) 

It is understood that the generalized spectral determinant also depends on the mass parameters 
but we will not write this dependence explicitly. As in [1], the right hand side of (3.25) defines 
a quantum-deformed (or generalized) Riemann theta function by 

Ex{K-,h) = exp(Jx(R,^,^))0x('^;^)- (3.26) 

We note that the function A(^, h) appearing in (3.16) can be fixed by requiring that the expansion 
of the generalized spectral determinant around k = 0 starts with 1. The expression (3.25) looks 
rather formal, but in fact it can be computed systematically (for arbitrary h) near the large radius 
point of moduli space, as shown in [1] in the genus one case. Interestingly, if our conjecture is 
true, the resulting expression is in fact an analytic function on the CY moduli space. This is 
surprising, since the modified grand potential (3.23) is not analytic. However, the inclusion of 
the quantum theta function should cure the lack of analyticity. This is related to the observation 
in [57] that including generalized theta functions in the total partition functions restores modular 
invariance. Note though that, in contrast to what happened in [57], the quantum theta function 
appearing in (3.26) is well-dehned, at least as an asymptotic expansion. In addition, and as 
we will see in the next section, when h = 27r, the quantum theta function becomes a perfectly 
well-defined, ordinary theta function. 


3.2 The maximally supersymmetric case 

As in the genus one case, an important simplification in the above formulae occurs when h = 2 tt. 
In this case, the contribution to (3.10) involving invariants with g > 2 vanish. After carefully 
canceling the poles, one finds that (3.23) becomes 


Jx(r,C,^) 


1 JiW'h, 

4jrn 2 ^ ‘ 


gT.+r^ 

E 


2=1 


dh 

dti 



+ Fi+Ff^. 


(3.27) 


In these formulae, the generating functionals Fq, Fi and are the same ones appearing in 
(3.5), (3.6), (3.15), but where we perform the replacement (3.21) in the instanton expansion 
(i.e., we don’t make such a replacement in the polynomial terms in t.) In (3.27), ti denotes the 
quantum mirror map evaluated at h = 27r. It turns out that this equals the classical mirror map, 
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up to a change of sign in the expansion in the moduli. This change of sign is precisely the one 
that would lead to (3.21). 

As a consequence of this simplification, the quantum-deformed theta function becomes 


0x(«^;27r)= exp 




ITT 


vri nrn 27rin • v - —aijkCuCjmCkpninmrip 


(3.28) 


In this equation, r is a 5 s x ffs matrix given by 

. - ^ r r 

•Im — r. . ^jl^km r^, o, 5 
ZTTl atjOtk 


l,m = !,■■■ ,5s, 


(3.29) 


where the sum over k,j runs from 1 to g's + As explained in [27], this is nothing but the r 
matrix of the mirror curve. It is a symmetric matrix satisfying 


Im(r) > 0. 


(3.30) 


In addition, the vector v appearing in (3.28) has components 


C. 


— 


jm 


47r2 I dtjdtk 


d‘^Fo ^ dFo 

dF 


+ Cjm {bj F bj ) , m — 1,' 




(3.31) 


where the sum over k,j runs over all the + ^E indices. In all the examples we have considered, 
the cubic terms in (3.28) can be traded by quadratic or linear terms. This adds constant, real 
shifts to r and v. The resulting matrix and vector will be denoted by r and v. In this way, 
(3.28) becomes (up to an overall constant) a conventional higher genus Riemann-Siegel theta 
function on S, which we will write as 


27r) = exp [vri^nm -|- 27rin • . 


(3.32) 


Note that Im (r) = Im(r), therefore the theta function (3.32) is still well dehned. This result is 
a direct generalization of the genus one case considered in [1]. 

As we have discussed, the quantization condition for the operators associated to X is obtained 
by looking at the vanishing locus of the generalized spectral determinant. In the maximally 
supersymmetric case, this has a beautiful interpretation. The vanishing locus of (3.32) on the 
Jacobi torus is by definition the theta divisor Dq. The period v can be regarded as a map from 
the moduli space Ai parametrized by k, to the Jacobi torus, 

(3.33) 


It follows that the vanishing locus giving the quantization condition can be geometrically inter¬ 
preted as the inverse image of the theta divisor by the map v: 

v-^ (De) c M. (3.34) 


Of course, the same interpretation can be made in the genus one case. In the generic case, one 
has to consider the quantum-deformed theta function, and its vanishing locus will be a quantum 
deformation of the locus above. 
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3.3 Spectral traces at large N and non-perturbative topological strings 

One of the most surprising consequences of the correspondence between spectral theory and 
mirror symmetry is that the conventional topological string can be obtained from a’t Hooft-like 
limit of the fermionic spectral traces. In the case of genus one curves, this was explained in detail 
in [12], First of all, note that these traces, which appear as coefficient in the expansion (2.57), 
can be written as 


Zx{N,h) 


1 / dKi 



-^9E+l 

9 s 


Ex{K,;h). 


(3.35) 


We can now use the argument hrst presented in [7]: the multi-contour integral can be written 
as an integral over from —ivr to ivr. Since, according to our conjecture (3.25), the generalized 
spectral determinant can be obtained by summing over all displacements of the parameters in 
integer steps of 27ri, we can trade the sum over the n* by an integration along the whole imaginary 
axis, and we find 


Zx{N,h) 


1 

(27ri)®^ 



d/igj, exp 


9e 

Jx(p,^,h) 


(3.36) 


As in [12], we want to evaluate the asymptotic expansion of the fermionic spectral traces in 
the ’t Hooft limit (1.1). This can be done by evaluating the multi-integral in the saddle point 
approximation. We have to consider the limit in which 

h-^oo, m^oo, ^ ^ i ■ ,9T.- (3.37) 

In this limit, the quantum mirror map becomes trivial, and the approximation (3.2) is exact. We 
will also assume that the mass parameters ^ scale in such a way that 


rrij 



j = AS, 


(3.38) 


remain fixed in the’t Hooft limit (other scaling behaviors can be considered, as in [12]). In the 
study of the ’t Hooft regime, we will denote 27rt/h simply by t, in order to avoid unnecessary 
additional notation. Note that, with this notation, we have from (3.2) the relation 


rs gs 

ti + '^aijlognij = 2TT'^CijCj, f = 1, • • • ,ffs + J’s- (3.39) 

i=i j=i 

Then, in the limit (3.37), the modified grand potential has the genus expansion 


where 


(C, m,h) = Y, (C, m) ( 3 . 40 ) 

9=0 

J? (C, m) = (^Fo (t) + Utt'^Aq (m)j , 

Jf (C,m) = Ai (m) + Fi (t), 

-If (C, m) = Ag (m) -Cg + (47r2)2 s-2p^ (t), g> 2. 
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The arguments ^ and m of the modified grand potential are related to the Kahler parameters t 
by (3.38) and (3.39). We have assumed that the function A (^, h) has the expansion 


OO 


9=0 


(3.42) 


In (3.41), as in (3.27), the Fg (t) are the standard topological string free energies as a function 
of the Kahler parameters t, after turning on the B-field. The saddle point of the integral (3.36) 
is given by 


A* 


87r3 




i = !,■■■ ,£is- 


(3.43) 


One then finds that the fermionic spectral traces have an expansion of the form (1.2). The 
leading function in this expansion is given by a Legendre transform, 


T-o(A) = J^ (C,m)-A.C 


(3.44) 


In particular, we hnd that 

dFo _ 
d\i 


9E ^-1 


»’E 




j=i 


TTifc 


k=l 




(3.45) 


where C~^ denotes the inverse of the truncated matrix (3.4). The higher genus corrections can 
be computed systematically. In view of [58], their description is very simple. The integral (3.36) 
implements a symplectic transformation from the large radius frame, to a particular frame which 
we will call the maximal conifold frame. As in [12], the’t Hooft coordinates Aj are flat coordinates 
in this frame, and the maximal conifold locus is defined by 


Aj = 0, i = 1, • • • ,5s- 


(3.46) 


This locus has dimension rs, the number of mass parameters of the toric CY. In case there are 
no mass parameters, as in the example of the resolved C^/Zs orbifold considered in this paper, 
the maximal conifold locus is in fact a point, and we will refer to it sometimes as the maximal 
conifold point. It follows that the functions Fg{X) appearing in (1.2) are the topological string 
genus g free energies in the maximal conifold frame. Note that (3.43) gives a prediction for the 
particular combination of periods which vanishes at the maximal conifold locus. As noted in 
[13], the coefficients of the constant trivial period are determined by the coefficients i.e. the 
coefficients of the linear terms in the next-to-leading NS free energy. As far as we know, this 
connection has not been noticed before and is a direct consequence of our conjecture (3.25). 

The main conclusion of this analysis is that, if (3.25) is correct, the fermionic spectral traces 
Zx{N, h) provide a non-perturbative dehnition of the genus expansion of the topological string 
(in the maximal conifold frame). This is of course the natural generalization of what was done 
in [12, 13] in the case of genus one mirror curves. We will provide some detailed verifications of 
this statement in the case of the resolved C^/Zs geometry, in the next section. 

Finally, let us note that the fermionic spectral traces can be also computed in the so-called 
M-theory limit, in which iVj 3> 1 but h is fixed. In this limit, Zx{N, h) is given, at leading order, 
by a multivariable generalization of the Airy function, extending in this way the results found 
in the genus one case in [1]. In some cases, this generalization can be written as a product of 
conventional Airy functions. We will see a detailed example of this in section 4.2. 
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Figure 4. The conifold locus A(zi,Z 2 ) = 0 in the (zi,Z 2 ) plane contains a point (4.8) where two 
components cross transversally. 


4 Testing the conjecture 

In this section, we will perform a detailed test of the above conjectures in (arguably) the simplest 
toric geometry with a genus two mirror curve: the resolved C^/Zs orbifold studied in the Example 

2 . 1 . 


4.1 The resolved C^/Zs orbifold 

The toric description of the geometry is encoded in the charge vectors (2.27). After setting 
= X 2 = X 4 = 1, we have 

To Tr> 

(4.1) 


X3 

~ ^3’ 


XO 

^2 = - 2 - 


Another useful set of parameters for the moduli space are, 


U = Z1Z2 = Xg V = z‘fz 2 = Xq 


(4.2) 


This geometry has been discussed in detail in [28, 29], and it has a rich phase structure. The 
large radius point is, as usual, 

Zi = Z2 = 0. (4.3) 

In addition, there are two half-orbifold points. The first one is defined by 


xo = 0, tt = 0, 


(4.4) 


while the second one is defined by 

xg = 0, v = 0. (4.5) 

We note that these are the points which are suitable to study the operators Osp and © 2 , 2 , since 
in each case we are setting to zero the perturbation in (2.34). The corresponding geometries 
are the canonical bundles over P(l,3,1) and P(l,2,2), respectively. The (full) orbifold point is 
simply 

xo = X3 = 0. (4.6) 

As in the genus one case considered in [1], studying the topological string around this point will 
make it possible to calculate the expansion (2.57) of the generalized spectral determinant. 
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Another important region in the moduli space of the curve is the conifold locus, where the 
discriminant 


A(zi, Z 2 ) = 3125z‘fz2 + 500^1 + 162 ;| — 225ziZ2 — 8 z 2 + 27zi + 1, (4-7) 


vanishes. The real part of this locus has various components, but there is a very special point at 


zi = - 


1 



(4.8) 


where two components of the locus cross transversally (see Fig. 4). As we will see, this is the 
maximal conifold point at which the’t Hooft parameters Ai, A 2 vanish. This point controls the 
’t Hooft limit of the spectral traces, at weak’t Hooft coupling. 

The resolved C^/Zs orbifold can be also realized as a perturbed local geometry. This can 
be easily seen by considering the equation (2.30) and performing the transformation x + y —)• —x. 
After reinstating X 4 in the equation, and setting xi = X 2 = X 3 = 1, we find that (2.30) reads. 


e^ + e^ + e * ^ + X 4 e^^ + xq = 0 , 


(4.9) 


and we have 

Zl = Xq^, Z 2 = X 4 X 0 . (4.10) 

After Weyl quantization, we find the operator 

Oij+X4e^'', (4.11) 

which is a perturbation of the operator Oi^i obtained by quantizing the mirror curve of local P^. 

Let us now review some of the topological string amplitudes on this geometry. Near the 
large radius point there are two flat coordinates, ti, ^ 2 - They can be expressed in terms of the 
moduli zi, Z 2 by the mirror map. 


h = -IiA^{zi,Z2) = -log(2;i) + 0 {zi), 
t2 = -IiA2{zi, Z 2 ) = -log{z2) + 0(Zi), 


where the periods H^^, H^^, i = 1 , 2 are given in (A.5). By using (2.28) and taking into account 
(3.2), we conclude that the matrix Cij is given by 



We will introduce, as usual, the exponentiated variables 

Qi = e“*\ Q2 = e~^^. 


(4.13) 


(4.14) 


The large radius genus zero free energy is defined by the special geometry relations, 

5Fo ^ 1 ^ 1 

dti 10 dt2 10 

which leads to (see for example [27]) 

Fo{ti,t 2 ) = —+ ^^1^2 + ([^^1^2 + Yq ^2 + Fo^‘^^{h,t 2 ), 


(4.15) 


(4.16) 
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where 

4'i 

Fr\ti,t2) = 3Qi - 2 Q 2 - -Ql + ^QiQ2 -¥ + ••• (4.17) 

o 4 

The genus one free energies (both standard and rehned) have been obtained in [27]. The 
(standard) genus one free energy is given by 


Fi{tut2) = - ^logdet(Jij), 


(4.18) 


where 


Jij — 


dtj 

dzi 


(4.19) 


is the Jacobian of the mirror map, and A is the discriminant (4.7). One finds, by explicit 
expansion. 


^ _ 2ti ^ 3t2 , Qi Q 2 3(5f ^ Q 1 Q 2 Ql , 
Fiih,t2) - + ^ + + " 12 + 


Similarly, one finds the NS rehned free energy. 


7^P(tiT2) = -^log > 


which has the expansion 


i:,NS^+ + ^ ^2 7Qi Q2 129 Qi 5Q1Q2 Ql , 

U 8 ■ —+ T + - ^+12 + 


(4.20) 


(4.21) 


(4.22) 


Higher genus free energies, as well as higher F^^{ti,t 2 ), have been determined in [27] up to order 
3. We will however not use them in this paper. 

4.2 The generalized spectral determinant 

The resolved C^/Zs geometry involves two canonical operators, obtained by Weyl’s quantization 
of (2.34). They read. 


Oi = e" + ey + e-2x-2y + xge-'-y = 62,2 + xse-'-y, 
O 2 = e" + ey + e-3x-y + xce"" = Og.i + xce"". 


(4.23) 


As we have seen in section (2.3), the generalized spectral determinant can be expressed in many 
ways. A particularly useful representation in this geometry comes from (2.73), and we hnd 


E{xo,X 3 -,h) 


det (^1 + xq ( 02,2 + iC 3 Pi 2 ) det ^1 + ^sOg 

det (^1 + X 3 (Og,! + a;oP 2 i)~^) det ^1 + ■ 


(4.24) 


In particular, we have 


det (^1 + xo ( 02,2 + a:3Pi2) 

det (^1 + Xg (Og,i + XoP 2 l)“^) 


S(xo,X3;h) 
S(0,X3;h) ’ 
S(xo,X3;h) 
E{xo,0;h) ' 


(4.25) 
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The defining formula for the generalized spectral determinant is (2.54). For convenience, we will 
choose as our reference operator Os^i (i.e. we will choose j = 2 in (2.54)). The relevant operators 
are then, 

A 2 I = P3,lP21, A 22 = P3,l5 (4.26) 

and we recall that 

P 21 = e-^ (4.27) 

where x is the quantum Heisenberg operator appearing in 634 . It is known from [11] that paq is 
of trace class, and it can be easily checked that A 21 is of trace class as well. 

We are now ready to write down the total grand potential, as it follows from our conjecture 
(3.25). The parameters entering the operators are written in terms of chemical potentials as, 

xo = Ki = e^\ X3 = K 2 = e^^, (4.28) 


and they are related to the complex moduli of the geometry by 


logzi =-3pi + p2, log2;2 = Pi - 2/i2, 


(4.29) 


as it follows from (3.3). The first thing we must know is the value of the appropriate B-field in 
(3.19). Since this geometry can be regarded as a perturbation of the local geometry when 
Z 2 = 0 , a natural guess is that 

B = (1,0). (4.30) 

It can be checked that, for this choice, (3.20) is satisfied^. The insertion of this B-field in the 
worldsheet instanton piece is equivalent to changing the sign of Qi in the expansions at large 
radius (but not in the log terms). For example, for the very first terms, one hnds, 

1 / o 2 \ —^ 

2sin^j + • • • , (4.31) 

V = 1 ^ ^ 


and the sign in the first exponential (involving ti) is the opposite one to what we had in (4.17). 

The function ,pL 2 \K) can be computed in many different ways. The leading order 

terms at large p* can be read from (4.16), (4.20) and (4.22). The semiclassical limit (3.18) can 
be checked as in [ 6 ], by calculating semiclassical traces. This calculation is easy to do either 
when X 3 = 0, or when xq = 0. In these cases, the relevant operators are simply 62 , 2 , © 3 ^, 
respectively, and the corresponding semiclassical grand potential is easy to calculate (see also 
[59]). The classical spectral traces of these operators are 

^( 0 ) / dxdp 1 _ 1 F(^/5)F(2^/5)^ 

^ J 27r Ux Q-2x-2yY lOvT F(£) 

(4.32) 

( 0)^0 [ dxdy 1 _ 1 F(£/5)^F(3£/5) 

^ J 27r (e^ + ey + lOvr r(£) 


We then find, 

00 / \i 

Jo(pi, 0 ) = - ^ — j—zf^ (02,2), 

1=1 

Jo(O.M2) = -E^4“’(03a). 

1=1 


(4.33) 


^We would like to thank Albrecht Klemm for verifying explicitly that this is indeed the case for the refined BPS 
invariants of this geometry calculated in [27]. 
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From the point of view of the geometry, these are expansions near the orbifold point. It is easy 
to verify, by using the explicit formulae in section A.2 of the Appendix, that these expansions 
are indeed reproduced by the r.h.s. of (3.18). Finally, the quantum mirror map entering in the 
expression (3.23) can be computed systematically, as shown in Appendix A.4. 

As we explained above, in the maximally supersymmetric case h = 27r, the spectral deter¬ 
minant can be written down explicitly. The generalized theta function becomes in this case a 
standard Riemann theta function. Indeed, it can be easily checked that 


0(/x;27r) 


= X] 

ni,n2& 


ivr (n^rii + 2nin2Ti2 + n2r22) + 27 ri {nivi + n2V2) — ivr -|- ^^2^ 


(4.34) 


where the vector v is given in (3.31) (since we are considering a fixed CY example, we have 
removed the subscript X). Let us recall that the Riemann theta function with characteristics a, 
13 is defined by 





{z, t) = ^ exp [ivr *(n -|- a)T{n -|- a) -|- 27 ri(z + P) ■ {n + a)] . 


(4.35) 


It follows that the generalized spectral determinant, for the maximally supersymmetric case, can 
be written as 


S(R;2vr) 


exp (J(/.i; 27 r)) vl 



(rv,r). 


(4.36) 


where 



(4.37) 


and J(/x;27r) is given by the specialization of (3.27) to the resolved C^/Zs orbifold. It is also 
easy to check from the results in the Appendix A.4 that, for h = 21 :, the quantum mirror map 
becomes the classical mirror map, together with a change of sign zi —)• —zi in the polynomial 
part. 

The expression (4.36) embodies our conjecture for the case at hand. We can now test our 
conjecture by verifying that this formula indeed gives the right spectral properties and quantities 
(in the maximally supersymmetric case). In the rest of this section, we will check the predictions 
for the spectral traces. 

The fermionic spectral traces Z[Ni, N 2 ', h) can be read off from the expansion of the spectral 
determinant around ki = K 2 = 0, which in our case corresponds to xq = X 3 = 0. This is the 
orbifold point. In the maximally supersymmetric case, this can be done by performing an analytic 
continuation of the various quantities involved in (4.34) to the orbifold point. As in the case of 
local analyzed in [ 1 ], it is convenient to change the sign of X 3 and perform the expansion of a 
closely related theta function. Note that this leads to a change of sign zi —)• —zi. This has the 
effect of restoring the conventional sign of the standard topological string amplitudes (which we 
had to change, due to the B-field (4.30)), but also changes the structure of the theta function, 
due to the shifts in the logarithms. After carefully keeping track of all these changes, we find. 


■(xo,-X3;27r) =e^(^°’^3;27r)gi^^ 


{v,T- S) 


(4.38) 
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where 


(4.39) 


S = 


1/2 1/2 
1/2 0 


a=|0,2 


I3 = -{IA 


and the quantities J(xo, xs; 27r), r and v are given by (3.27), (3.29) and (3.31) but they involve 
now the analytic continuation to the orbifold point of the standard genus zero and one free 
energies. After implementing this formula, one finds the expansion 


H(xo, X 3 ; 27r) = 1 + Z{1, 0; 27r)xo + Z{0, 1; 27r)x3 + Z{1, 1; 27r)xoX3 + 


(4.40) 


The coefficients of this expansion involve derivatives of the Riemann theta function of genus two, 
but they can be evaluated numerically with high precision. We find. 


Z(l,0;27r) = 0.0552786404500042..., 
Z(0,1; 27r) = 0.0894427190999916..., 
Z(l, 1; 27r) = 0.0030770561988687... 


(4.41) 


As we explained in section 2.3, these coefficients are defined as (generalized) fermionic spectral 
traces of the operators (4.26). One has, for example. 


Z{1, 0; 27r) = Tr (/93,iP2i) = Trp 2 , 2 , 
Z{0, l;27r) = Trp 3 ,i, 

Z{1, 1; 27r) = Tr(p34P2iP3,i)- 


(4.42) 


In [11], the integral kernels of the operators pm,n were obtained in closed form, in terms of the 
quantum dilogarithm. Therefore, the traces (4.42) can be computed explicitly. Since these results 
will be also used in the analysis near the maximal conifold point, let us briefly summarize them. 
Let us denote by <hb(a^) Faddeev’s quantum dilogarithm [60, 62] (we follow the notations in [11]). 
We define as well the functions (see also [ 66 ]) 


-.27raic 


^a,c(^) — 


4>b(x - i(a + c))' 

Let q, p be operators satisfying the normalized Heisenberg commutation relation 

[p,q] = (27ri)“\ 


(4.43) 


(4.44) 


They are related to the Heisenberg operators x, y appearing in Om,n by the following linear 
canonical transformation: 


X = 27rb 


so that h is related to b by 


(n + l)p + nq 
m + n + 1 


h = 


y = —27rb 


27rb^ 


mp + (m + l)q 
m + n + 1 ’ 


(4.45) 


(4.46) 


m + n + 1 

Then, in the momentum representation associated to p, the operator Pm,n Fas the integral kernel, 


Pm,n{PiP ) — 


^a,c(p) ^a,c(p') 


2 bcosh 


(4.47) 
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where a, c are given by 


mb 


a = 


c = 


2(m + n + l)’ 2(m + n + l) 

By using these results, we can easily compute the kernel of A 21 , and one finds 


,1 n, I /\ 47 rbp' 27 rb^i / . ib\ 

(p|P3,iP2i|p ) = e 5 e 25 P3,1 1 ^ I • 


Therefore, we find the following integral representation 


_ ZTTO 

Tr(p3,iP2iP3,i) = e 25 


47rbp^ 


ib 


5 P3,i {p,p' + ^] P3,i {p',p) dp dp'. 


(4.48) 


(4.49) 


(4.50) 


In the maximally supersymmetric case, h = 2 tt, the spectral theory of these operators also 
simplifies, as noted already in [10], and one can use the results of [61] to show that the integral 
kernels above become elementary functions. The trace of pm,i was computed in [11] for any m 
and h = 2Tr, and one finds 

Trp3,i = -4=. (4.51) 


5 V 5 ' 


A similar computation shows that 


Tr P 2,2 = 


50 


5 - V5 


(4.52) 


These agree precisely with the predictions (4.41) of the spectral determinant (4.36). A numerical 
calculation of the double-integral (4.50) makes it also possible to verify the prediction in (4.41) 
for Z{1, 1; 27r). 

We should note that, although we evaluated the expansion (4.40) numerically, its coefficients 
can be computed analytically in terms of derivatives of the Riemann-Siegel theta function. For 
example, one finds 


Z(l,0;27r) = 


2^/^ivfr(A) 






&n{'Vo,To) + -Qi2{vo,to) - 022(1^0, To) 


(4.53) 


where 


©^^■(•*^ 0 ,^ 0 ) = 


dr-.^ 

‘ij 

a 

.P. 

{"1^0, To) 


a 

./3. 

{vo,To) 


« = I 0, - 


p={ 


(4.54) 


and 


Vo = 


11 1 
'40’~^ 


To = 


2^5 




(4.55) 


Moreover, by requiring that Z(0,0;27r) = 1, we hnd the following identity: 

57/40r (1)3/2 


I? 


(■*^ 0 , 7 - 0 ) = - 




(4.56) 
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which we checked numerically with high precision. The fact that (4.53) agrees with (4.52) is 
another manifestation of the highly non-trivial content of our conjecture (3.25). 

There is yet another method to evaluate the spectral traces, which can be also applied away 
from the maximally supersymmetric case. This method, which goes back to [7], is based on the 
integral formula (3.36), and in using directly the large radius expansion of the modified grand 
potential. In the genus one case, where there is one single integration, this leads to an expression 
for the fermionic spectral traces given by an infinite sum of Airy functions, in which each term 
is exponentially suppressed with respect to the preceding one. It turns out that this method can 
be generalized to the resolved C^/Zs, as follows. The modified grand potential is given by 

= j(P^(^i,//2;^) + J^“P^(/ii,//2;^)- (4.57) 


Here, the perturbative part is the cubic polynomial in the ^iS, 




4 4 3 


l/vr h \ l/vr h . 


(4.58) 


while the non-perturbative part ;U 2 ; ^) contains the exponentially small corrections ap¬ 

pearing in the expression (3.23), and it is a power series in zi, Z 2 - We recall that the complex 
moduli zi ^2 are related to the parameters /ri ^2 by (4.29). We can now make a change of variables 
such that the cubic polynomial appearing in (4.58) does not contain mixed terms, 


1*1 = 1^1 + y , /^2 = Z ^ 2 - 


We find. 


where 


and 




i=l 




i/j -\- Bi{h)vi I -\- A{K), 


Ci{h) = 


9 

AttH' 


C 2 {h) = 


25 

127r^’ 


^ ^ 2\h Stt 


B 2 {h) = 


l/vr 5^ \ 

~ 2\h~ ' 

It follows from (3.36) that the fermionic spectral traces are given, at leading order, by 

Z{Ni,N2-^h) ^ Z^'p\Ni,N2-,h), 


(4.59) 

(4.60) 

(4.61) 

(4.62) 

(4.63) 


where 


Z^^\Ni,N2-,h) = {Mi-Bi{h)) 


(4.64) 


2=1 


and the Mj are defined by the condition, 


fi ■ N = u ■ M, 


so that, in this case. 


Mi = Nu 


M 2 


3 


+ A^2. 


(4.65) 

(4.66) 
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It is also clear how to incorporate the corrections due to ^ 2 ; K). We can write, 




i,j >0 


(4.67) 


where the Pij {fii, are polynomials in and Pq.o = 1- Then, a simple computation 

shows that 

Z{NuN2-,h)= Y Pij{-dN,,-dNZ,P)Z^'^HNi + 3i-j,N2-i + 2j;h). (4.68) 

i,j >0 


The leading term in this expression is of course given by (4.64), while the remaining series gives, 
for Ni large, exponentially small corrections. As in the case of genus one mirror curves, this 
expansion seems to converge rapidly, and we have verified that, for h = 27r, it reproduces the 
spectral traces computed above. In addition, we found the following educated guess for the value 
of A(27r), 

The formula (4.64) generalizes the results involving Airy functions found in Chern-Simons- 
matter theories [ 6 , 63] and in the case of topological strings on local del Pezzo surfaces [1]. It has 
been recently shown in [64] that the Airy behavior of the topological string partition function 
is a universal feature. In [64], this behavior (involving a single Airy function) was obtained by 
considering a one-dimensional slice of the moduli space. It would be interesting to see if the 
argument of [64] can be used to derive (4.64). Note that, if g^, is large enough, we cannot put 
to zero all the crossing terms in the cubic polynomial appearing in J(p)(/x;^), and the leading 
behavior of the fermionic spectral traces will be given by a generalization of the Airy function 
which does not reduce to a product of elementary Airy functions. 

4.3 Quantization conditions 

One of the most important results of [I] is that, in the case of mirror curves of genus one, 
the quantization condition for the spectrum of the corresponding operator can be read from the 
vanishing of the (deformed) theta function entering in the spectral determinant. As it was already 
pointed out in [ 1 ], there is a natural generalization of this conjecture to the higher genus case, by 
considering the vanishing of the higher genus, deformed theta function in (3.26). However, the 
higher genus case is richer (and slightly more complicated) due to the fact that there are many 
operators Oj, i = 1, • • • , 5 's, which one can associate to the same geometry. Let us explain this 
in some more detail. 

The vanishing of the generalized spectral determinant gives a global quantization condition, 
which defines a discrete family of codimension one submanifolds in moduli space. In many cases, 
a given point in the vanishing locus solves the spectral problem for different (related) operators. 
For example, the resolved C^/Zs orbifold leads to two different operators (4.23). A point (xq, X 3 ) 
in the vanishing locus of the spectral determinant, with xq < 0 and X 3 < 0 , can be interpreted in 
two ways: either as an eigenvalue —xq of the operator Oi, which depends on X3, or an eigenvalue 
—X3 for the operator O 2 , which depends on xq- This follows from the discussion around (2.76). 
However, if the point in the vanishing locus occurs at xq = 0, it can not be interpreted in terms 
of Oi, since this operator is positive-definite and all its eigenvalues are strictly positive. 
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Figure 5. The curves represent the locus in the [xq^xz) plane in which the generalized spectral deter¬ 
minant (4.36) vanishes. They can be labelled by the quantum number n = 0,1, • • • appearing in the 
generalized Bohr-Sommerfeld quantization condition. The uppermost curve corresponds to n = 0. 


Order 

Eq 

1 

2.8953686937107540094 

5 

3.1640650172200080194 

8 

3.1640650781321192069 

10 

3.1640650781321190565 


Numerical value 3.1640650781321190565 


Table 1. The ground state energy Eq for the operator p 2 , 2 , as obtained from the vanishing locus of 
the spectral determinant Ei(xo, 0; 27r). This is a power series around Xq = 0, and to obtain the energy we 
truncate it at a given order in Xq- As we keep more and more terms in the series, we quickly approach 
the ground state energy obtained by numerical methods. 


In this section we will obtain the quantization condition for C^/Zs, in the maximally su¬ 
persymmetric case, and verify explicitly that it solves many different spectral problems. In 
particular, we will be able to write exact quantization conditions for the unperturbed operators 
Osp and 02 , 2 - In order to have a first view of the vanishing locus of the generalized spectral 
determinant (4.36) in the moduli space parametrized by (xq, X 3 ), we can simply plot it by using 
the expansion (4.40) (we assume that xq and X 3 are real). The result is shown in Fig. 5. It con¬ 
sists of a discrete family of curves, and each curve crosses both the negative X 3 and xq axis. Note 
that there are no solutions in which both xq and X 3 are positive. The vanishing locus obtained 
in this way has all the expected properties: the intersection with the axis X 3 = 0 and xq = 0 
gives the spectrum of the operators p 2,2 and p 3 p. The discrete family of curves correspond to 
the quantum numbers n = 0,1, • • • of the generalized Bohr-Sommerfeld quantization condition. 

As a first test that this vanishing locus produces the actual spectrum, we can compute the 
ground state energy for the operators p 2,2 and pip, by using the diagonalization method of [65], 
and compare it with the zeros of the spectral determinant H(xo,0;27r) and H(0,X3;27r), as we 
keep more and more terms in their polynomial expansion. We recall that, if these functions 
vanish at (xo, 0 ) and ( 0 ,X 3 ), respectively, the energies are given by 


^ = log(-xo), F; = log(-X 3 ). 


(4.70) 
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Order 

Eq 

1 

2.4141568686511505619 

5 

2.7700028996745256210 

8 

2.7700040488404954468 

10 

2.7700040488404460337 


Numerical value 2.7700040488404460337 


Table 2. The ground state energy Eq for the operator p^ i, as obtained from the vanishing locus of the 
spectral determinant 5(0, 3 : 3 ; 27r). We follow the same procedure as in Table 1. 


As we see in the tables 1 and 2, the answer obtained from the spectral determinant converges 
rapidly to the correct value. 

The expansion (4.40) around the orbifold point is very convenient for small energies, but it 
does not make contact with the WKB expansion for the operators p 2,2 and We can however 
obtain alternative formulations of the exact quantization condition for these operators by using 
expansions appropriate for the half-orbifold points. Let us first consider the operator p 2 p. In 
principle, the zeroes of the spectral determinant occur at negative values of xq and X 3 , but it is 
convenient to change their signs so that they occur along the positive real axis. In the case of /?2,2, 
we change the sign of xq, which involves changing the sign of both zi and Z 2 - The quantization 
condition is given by the vanishing of the theta function 


02,2(L^) 



{V,T 


S), 


(4.71) 


where 



^ ( 1/2 l/2\ 

Vl /2 1 / 2 ) • 


(4.72) 


In this theta function, v, r are computed by using the analytic continuations (A.29), we set 
X 3 = 0, and E = — log(y). 

In the case of psp, we change the sign of X3, which involves changing the sign of zi. We 
already did this in the calculation near the full orbifold point, and we find that the quantization 
condition is given by the vanishing of the theta function. 


03,l(^) 



{V,T 


S), 


(4.73) 


where ct, (3 and S are given in (4.39), v, r are computed by using the analytic continuations 
(A.20), (A.24), we set xq = 0, and E = — log(A). 

It is interesting to see in some detail how the above quantization conditions agree, in the 
limit of large energies, with the semiclassical result. Let us consider for example the operator 
psp. The semiclassical quantization condition can be obtained by using for example Fermi gas 
technology. The grand potential for the operator p^p at large p is given by 


This follows from formulae (5.8) and (B.2) of [59]. Using the general results of [6], one finds that 
the quantization condition at large E is given by 


vo^if) 


2Trh 



(4.75) 
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where 


vol(£^) 


6 18 


5^2 




(4.76) 


This includes the first order correction in h?. How can this be obtained from 03 ^i(i 7 )? First, 
we have to understand the structure of the various functions involved in the higher genus theta 
function. One finds, from the formulae in Appendix A.2, 




T12 = - 


2\/3 




(4.77) 


as well as 


i 


U1 = - + 0(A5/3), 


+ 0{X^/^), 


V2 = 


25 1og^(A) 
247r^ 


- — + 0{X^/^). 


(4.78) 
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The terms involving positive powers of X are exponentially small corrections. We would like now 
to obtain the vanishing condition for 03 p(iii) at leading order, neglecting these small corrections. 
It is easy to see, from the above behaviors, that the leading contribution comes from the terms 
with n 2 = 0, —1 in the theta function. More precisely, one finds the vanishing condition 


cos (tt (-i ;2 + 1/3) + 4>) = 0. 

Here, (j) is the argument of the (genus one) Jacobi theta function 




Numerically, we have verihed that 


i 1 i\/3 

4 ^/ 3 ’ 2 ^ 2 


vr 

'l8‘ 


Therefore, we find that the quantization condition, at leading order, is 

/II 25E'^\ 


cos TT — — 


V36 247r2 J 


= 0 , 


(4.79) 


(4.80) 


(4.81) 


(4.82) 


which is precisely what one obtains from (4.76) and (4.75) when h = 27r. We hnd it remarkable 
that the argument of the theta function (4.80) is rational and has the right value to reproduce 
the next-to-leading WKB quantization condition. Of course, one can check explicitly that the 
zeroes of the theta function (4.73) give the spectrum of for h = 2 'k with very high precision. 

The quantization condition encoded in the theta functions (4.71) and (4.73) has a nice in¬ 
terpretation in terms of complex instantons. As we have seen in the example of (4.73), which 
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Figure 6. On the right hand side, we show the boundary of the region (4.84). This is the B-cycle which 
leads to the perturbative WKB quantization condition. However, when we consider the full complexihed 
genus two curve, we find other cycles which correspond to complex instantons and also contribute to the 
quantization condition. 


corresponds to the operator paq this condition is given, at leading order, by (4.79). The per¬ 
turbative part of this quantization condition involves the combination of B-periods appearing in 
V2, 

— Bbi + ‘2I\.b2- (4.83) 

This follows from (3.31) and the matrix (4.13). The B-cycle (4.83) has a very concrete incarnation 
as the boundary of the region 

n{E) = {(x, y) G m 2.(4_g4) 

which is shown in the left hand side of Fig. 6 (for E = 3). As in [ 6 , 10], V 2 also involves 
corrections coming from complex instantons associated to the dual A-period. However, there are 
further subleading corrections involving the other handle of the Riemann surface. These are due 
to complex instantons associated to other combinations of A and B periods. The effects of these 
instantons are encoded in the genus two theta function, through the dependence in for example 
vi, which involves 

3I\.Bi—^B2- (4.85) 

This is in agreement with the principle put forward in [48]: in a exact WKB analysis, all periods 
appearing in the complexified Hamiltonian contribute to the quantization condition. This is 
illustrated in the right hand side Fig. 6 , which shows the underlying genus two curve and its 
“hidden” cycles. One remarkable implication of our conjecture (3.25) is that all these complex 
instanton effects are encoded in the higher genus theta function (or a deformation thereof, for 
general values of h). 

The vanishing locus of the spectral determinant contains as well information about the 
perturbed operators Oi, O 2 which are obtained by quantizing the functions (2.34). Let us 
consider for example the operator O 2 , which is a perturbation of the operator O 34 . Given a 
value of the perturbation, xq > 0, the conjecture predicts the spectrum as follows. We look at 
the values of X 3 such that S 27r^ vanishes. The spectrum of O 2 , for the given value of 

xo, is then 

“ (^Xo,x^”^;27r) = o| . (4.86) 
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Order 

Eq 

El 

4 

3.1223827669081676 

4^33804854297745 

6 

3.1220388008498759 

4.286273969753037 

9 

3.1220387541932648 

4.286366387547196 

12 

3.1220387541932659 

4.286366387477153 

Numerical value 

3.1220387541932659 

4.286366387477153 


Table 3. The ground state and first excited energies, Eq and i?i, for the perturbed paj operator, as 
obtained from the vanishing locus of the spectral determinant S(20, 27r). This is a power series around 

= 0, and to obtain the energies we truncate it at a given order in x^. As we keep more and more terms 
in the series, we quickly approach the energy obtained by numerical methods. 



Figure 7. The blue lines represent the locus in the (a;o,a; 3 ) plane where the spectral determinant (4.38) 
vanishes. The horizontal group of dots in red in the second quadrant represents the points (xq^^xs) = 
(—6'®'", 500), n = 0,1, 2, which give the spectrum of the operator Oi for the value X 3 = 500. The vertical 
group of dots in purple, in the fourth quadrant, represents the points (xq, a;^”^) = (300, —e'®'"), n = 0,1,2, 3, 
giving the spectrum of the operator O 2 with xq = 300. Finally, the horizontal group of dots in black, in 
the second quadrant, represents the points {x'^\x 3 ) = (—e'®’*6, 6^), which encode the spectrum of the 
perturbed operator (4.87) with X 4 = 6“®. 


Graphically, these values are obtained by taking the intesection of the curves in Fig. 5 with 
the vertical line xq = constant. The predictions can be compared by the spectrum obtained by 
numerical diagonalization. We find an excellent agreement, as we show for xq = 20 in Table 3. 
Of course, completely similar considerations apply to the perturbed operator Oi. 

The vanishing locus of the spectral determinant determines also the spectrum of the operator 

Oi,i + X4e2^ (4.87) 

which is obtained by quantization of the mirror curve in the form (4.9). This is a perturbation of 
the operator Oiq, which is obtained by quantizing the mirror curve to local To determine the 
spectrum, we proceed as follows. Given a value of the perturbation X 4 , we have a corresponding 
value of X 3 given by 

X 3 = (4.88) 
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Figure 8. The dots represent the points (ccq, = (—300, —e^"), n = 1, 2, 3,4, giving the spectrum of 
the operator O 2 with a negative value of xq = —300. 


This automatically determines an infinite, discrete series of (negative) values of xq, Xq"'\ n = 
0,1, • • •, in the vanishing locus of the spectral determinant. Then the energy levels of the operator 
(4.87) are determined by 




— e = X 




n = 0 , 1 , ■ 


(4.89) 


We find again an excellent agreement between the numerical spectrum, as obtained by diagonal- 
ization of (4.87), and the one predicted by (4.89). 

In Fig. 7 we illustrate these considerations for different cases. The dots indicate the spectrum 
as computed numerically, by diagonalization of the operators. The vertical group of dots in the 
fourth quadrant correspond to a perturbed operator O 2 with xq = 300. The horizontal group of 
dots at the top of the second quadrant corresponds to a perturbation of the operator Oi with 
X 3 = 500. Finally, the horizontal group of dots at the bottom of the second quadrant corresponds 
to the perturbed operator Oiq with X 4 = 6 “®. In all cases, we find perfect agreement between 
the numerical results and the prediction from the vanishing locus. 

It turns out that one can also consider negative values of the perturbations. For example, one 
can consider xq < 0 for the operator O 2 in (4.23). The generalized spectral determinant predicts 
that, in this case, the values of x^'^ = —e®" for the first eigenstates will be positive, while the 
remaining values will be negative. This is easy to understand from the explicit expression in 
(4.23): the operator Osq gives positive contributions to the exponentiated energy, while the 
perturbation gives a negative contribution. For the low-lying eigenstates, the perturbation takes 
over, while for the higher, excited states, the operator Osq takes over. An example of such a 
situation is shown in Fig. 8, for xq = —300. Again, the predictions are in perfect agreement with 
the numerical results. 


4.4 The large N limit of spectral traces 

As we explained in section 3.3, the generalized spectral determinant provides a non-perturbative 
completion of the conventional topological string free energy. The genus expansion of the topo¬ 
logical string, in the frame associated to the maximal conifold locus, appears as an asymptotic 
expansion of the fermionic spectral traces Zx{N,h). This is however a non-trivial statement, 
since it is based on the conjecture that the non-perturbative corrections to the spectral problem 
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are encoded in the conventional topological string. It was pointed out in [12, 13] that this state¬ 
ment can be however checked if one can expand the spectral traces in the strong coupling limit 
h ^ oo. One can then compare this expansion with the predictions of the topological string. We 
will now perform such a comparison. 

Let us first calculate the asymptotic expansion (1.2) directly on the operator side. In our 
case, this reads 

logZ{Ni,N2-,h) = h^To{Xi,X2)+Ti{Xi,X2) + --- (4.90) 

We note that, when N 2 = 0 or A^i = 0, the l.h.s. reduces to the fermionic spectral trace of the 
operators /92,2 or respectively. It follows that 

^ 2 ) = '^(Al) + -Ff 1)(A2) + O (A 1 A 2 ). (4.91) 

The expansions of J-g‘^’‘^\x) and J-g^’^\x) near A = 0 were worked out in [12], for small g, and 
directly from the spectral theory. One finds, for the leading terms. 


+ 


4^'^\x) = 


In these equations. 


y (log(A<r,) - 5) - c,A - ^ 

4 (145 - 59\/5) \/5 - 2\/57r6A'^ 


46875 


+ 0 (A‘’), 


y (log (A 02 ) - 0 - «A - L + 22v/5^u=> + ^ ^ ^ 

4y/l4530-k ^^7r®A^ 




+ 0(A®). 


(4.92) 


cTi = 4\/l0-2\/57r2, U2 = 4\/l0 + 2\/57r2. 

The coefficients ci ^2 can be expressed in terms of the Bloch-Wigner function, 

D 2 (z) = Im(Li 2 ( 2 ;)) -k log |z|arg(l - z), 
where arg denotes the branch of the argument between —tt and tt. We have. 


01 = ^02 I e = 


27ri 1 -|- \/5 


€2 = ^DUe. 


7!li 1 -|- 


For the next-to-leading function, one finds, 

y(-),A) . -llog(A», +C'(-1) + 


150 


11250 


4,/112450 - 


a/5 


28125 


A3 + 0(A^), 


-^P’'^(A) = -^log(A;r)+C'(-l) + 


1 


\/725 + 178\/57r2 (425 + 174^/5) tt' 

A — 


12 

4./112450 + 


150 


11250 


+ 


249538^6 


V5 


28125 


A3 + 0(A^). 


(4.93) 

(4.94) 


(4.95) 


(4.96) 
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The results above do not determine the crossing terms. To obtain these, we have to calculate 
fermionic traces with both N 2 different from zero, and expand them at large h. These 
expansions can be obtained, as in [12, 13], by writing integral expressions for the traces and 
expanding them around the Gaussian point. For example, for the calculation of Z{l,l]h) we 
need the integral expression (4.50), and we obtain 


logZ(l,l;h) 


1 2 (7\/5 - 15) TT^ 

2 ^°^ 625^ 


- Cl - C2 + 


(l205 + 31\/5)7r2 
75h 


8((5 + ll\/5) TT^) 
625^2 


(4.97) 


We have examined the very first terms in the large h expansion of Z(2, l;h) and 

Z(l,2;h), which allows us to determine the coefficients of the cross-terms A 1 A 2 , AfA 2 , A 1 A 2 in 
/^(Ai, A 2 ). In this way we hnd. 


-Fo(Ai, A 2 ) = .Fi'’'^(Ai) + J-i"’^)(A2) +ai2AiA2 

+ TjV + 2\/57r^ Ai A 2 + — Y^5 — 2\/57r^A^A2 + • • • 


(4.98) 


where 


ai 2 = - log 


3 +V5 
2 


(4.99) 


Note that, in comparing an expansion at small Ni, N 2 like (4.97) to (4.92), (4.96), we cannot 
use the asymptotic expansion of the Barnes functions G 2 {Ni + 1), G 2 (A ^2 + 1); which give the 
very first terms in (4.92), (4.96). Rather, we have to subtract these terms from the asymptotic 
expansion, and replace them by the exact values of the Barnes functions, similarly to what was 
done in [67] in a related context. 

We now want to compare these results with the predictions of (3.36). According to (3.43), 
the’t Hooft parameters are given by 


Ai — 


A 2 — 


1 1 

(^dFo 

87r3 ' 

dh 

1 1 

( dFo 

87r3 ' 

1 dti 


d^_ 

dt2 

dh 


+ 2 


dt2 



(4.100) 


We recall that the prepotential Fo(ti, ^ 2 ) appearing here is the standard large radius prepotential 
of this geometry, but after turning on the B-held (4.30). As in the genus one case, we expect 
the Aj to be vanishing flat coordinates around the point in the conifold locus characterized by 
two vanishing periods. The natural candidate is the maximal conifold point (4.8). In Appendix 
A.3 we have found flat coordinates 2 around this point by solving the Picard-Fuchs equations. 
Note however that we have to turn on a B-field, which is equivalent to changing zi —)• —zi in the 
results of that Appendix. We will keep the same notation for the resulting flat coordinates after 
this change of sign. A detailed numerical analysis shows that indeed 


— ^jAj, i — 1,2, 


(4.101) 
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where 


l + A, ,4^102, 

As we noted in section 3.3, the constants in (4.100) are determined by the coefficients and the 
matrix (4.13). It was observed in the Appendix to [28] that the combinations appearing in (4.100) 
are precisely vanishing flat coordinates along the two different branches of the conifold locus which 
intersect at the maximal conifold point. Interestingly, we can predict these combinations from 
our main conjecture (3.25), as it has been already noted in [13]. 

According to (3.45), the leading term in the expansion (1.2) is determined by the equations. 



dTo _ 1 TT- ^ n 

dXi IOtt ^ ’ dX2 IOtt ^ 


(4.103) 


where 11“^ are the combinations of A-periods written down in (A.9), (A. 10), but after changing 
zi —>■ —zi in the power series expansion. In order to integrate these equations and expand them 
around Ai = A 2 = 0, so as to make contact with the expansions of the spectral traces, we have 
to consider the analytic continuation of the periods around the maximal conifold point, i.e. 
we have to express them as a linear combination of the flat coordinates Ai ^2 and the logarithmic 
periods S' 1,2 in (A.38). This seems to be difficult, analytically. However, our conjecture predicts 
that this combination should be 


= —S'! + ( log — - 1 ) Ai - Cl + ai 2 A 2 , 

IUtt ri V / 

y^H” = — S 2 + flog — — 1^ A 2 — C 2 + ai 2 Ai, 

IOtt r2 V ^2 / 


(4.104) 


where ai 2 , given in (4.99), is the coefficient of A 1 A 2 in To(-^i)'^ 2 )- We have verified (4.104) 
numerically. In particular, a remarkable consequence of (4.104) is the following. Let us write 
(A.10) as 


Iluizi,Z2) = log(zi2:f) + II„(zi, Z 2 ), 
Ilv{zi,Z 2 ) = log{zfz 2 ) + Uvizi, Z 2 ). 


(4.105) 


Then, if we denote the coordinates of the maximal conifold point (4.8) as Z 12 , we And, by 
evaluating (4.104) at (—that 


~h (^°s|^?(^2)^| +n«(2j,^2)) = ^^2 ^e 5 ^ , 

0os|( 2D^^2| +n„(zJ,Z2)) = ^^2 ^ ^2^ ) ’ 


(4.106) 


where we took into account the expressions (4.95). Similar identities, evaluating the A-periods at 
the conifold point in terms of the dilogarithm function, were already predicted by the conjecture of 
[1] in the genus one case, as explained in [12, 13]. For elliptic mirror curves, some of these identities 
have been known in the mathematics and physics literature [15, 16, 68]. In our approach, these 
identities follow from the presence of the quantum dilogarithm in the integral kernel of the 
corresponding operators [II]. As already emphasized in [12, 13], the fact that these identities 
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are true is a highly non-trivial test of the spectral theory/mirror symmetry correspondence of 
[1] that we are developing in this paper for the higher genus case. In particular, the identities 
(4.106), which we have verified with high numerical precision, do not seem to be known in the 
mathematics literature^. 

Once (4.104) has been established, we can integrate it to obtain, up to a constant. 


-^o(Ai,A2) = ^('log(AiUi)-2 


- ClAi + ^ ( log(A 2 CT 2 ) - 2 


— C 2 A 2 + ai 2 AiA 2 

- ;^V^65 - 22v/57r2A? + XlXi + ^ X 2 XI 

- _ 32(l5 + 7V5).UiAi _ 

75 A ^ 2 w ^^250 1875 

+ 0(X^). 




11250 1875 

32(-15 + 7\/5)7r^A2Af (425 + 174\/5) 7r^A| 


1875 


+ 


11250 


(4.107) 


As in the case of mirror curves of genus one, (3.36) predicts that -Ai(Ai,A 2 ) is given, up to an 
additive constant, by the genus one free energy in the maximal conifold frame. We can now use 
(4.18) and the mirror map near the maximal conifold point to obtain, up to an additive constant, 


-Ai(Ai, A 2 ) = -4log(AiA2) + 47l\/725 - 178v/57r2Ai + 72h + X 2 

12 loU ^ loU ^ 

(425 - 174\/5) vr^Af ^ 1847r4AiA2 (425 + 174\/5) vr^Ai 


11250 


375\/5 


11250 


1^112450 - ?4^vr6A? 16^35050 + ^^vr^AiAi 


28125 


+ 


16y^35050^^^^7r6A2Af 4y^ 


9375 
112450 + 


249538 

+5 


tt^A? 


9375 


28125 


+ 0 (A^ 


(4.108) 


If we compare the expressions (4.107), (4.108) with the results obtained from spectral theory, 
we find complete agreement. In particular, the free energies (4.92), (4.96) for the matrix models 
associated to the operators and p 2,2 are recovered as topological string free energies in the 
maximal conifold frame, restricted to the two branches Ai = 0, A 2 = 0 of the conifold locus, 
respectively. In addition, one can check that the cross-terms (4.107), (4.108) reproduce the 
expansions of the spectral traces with both A^i and N 2 different from zero. For example, one 
finds that the term of order in logZ(l, 1; h), which is the term written down in the second 
line of (4.97), precisely equals the sum of the coefficients of the quartic terms in ^^(Ai, A 2 ), plus 
the sum of the coefficients of the quadratic terms in J^i(Ai, A 2 ). 

The conclusion of this rather lengthy and detailed analysis is that the spectral theory asso¬ 
ciated to the mirror curve of the resolved C^/Zs orbifold provides a non-perturbative description 
of topological strings on this toric CY threefold. More precisely, the fermionic spectral traces 
Z{Ni,N 2 ;h), which are perfectly well-dehned, can be expanded in a’t Hooft limit which repro¬ 
duces the genus expansion of the topological string free energy, as we have verified in detail. 

®After the first version of this paper appeared, Charles Doran and Matt Kerr proved these identities by using 
the techniques of [16]. 
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It is also possible to write the expression (2.62) in the form of a two-cut matrix model. To do 
this, one has to use the explicit expression for the kernels (4.47) as well as the Cauchy identity, 
similar to what was done in [12, 13] for genus one mirror curves. A straightforward calculation 
shows that the matrix model calculating the spectral trace Z{Ni, N 2 ;h) is given by 


Z{NuN2-,h) = 


d^- 


u 


n 


— i 

10’10 \ 27r 


Ni\N2\ J (27r)^J-J- 

i=l 

2 sinh lii-Tii -g IttA jj ) 2 sinh 


2 N2 


n « 

j=l+Afi 
'li—U-i . A 

- ITT A. 


, , bn, 

Jl . „ 

10’10 V ZTT 




(4.109) 


nij2cosh(^h^ + vrici,. 


where 


and 




0 if i,j < Ni or i,j > Ni, 

< 1/10 if i < Ai and j > A^i, 
_ —1/10 otherwise, 


c 


ij 


'3/10 
< 1/10 
.2/10 


if i,j < Ni, 
if i,j > Ai, 
otherwise 


(4.110) 


(4.111) 


In principle, our conjecture provides such a matrix-model-like description of the topological 
string for all toric CY threefolds, and it would be very interesting to test it in more higher genus 
examples. 


5 Conclusions and future prospects 

In this paper we have extended the correspondence of [1] to mirror curves of higher genus. This 
generalization requires many new ingredients: on the spectral theory side, we need a generalized 
spectral determinant which gives an entire function on the moduli space. This leads to a single 
quantization condition, in contrast to what happens in many quantum integrable systems. We 
have seen that this quantization condition captures in detail the spectrum of the operators 
appearing in the quantization of the curve. In addition, the fermionic spectral traces, which 
are obtained by expanding the generalized spectral determinant, provide a non-perturbative 
definition of the all-genus topological string in a certain conifold frame. All these considerations 
have been analyzed in detail in the example of the resolved C^/Zs orbifold. 

The results presented in this paper open different avenues for future research. The general 
theory presented here grew out of a detailed analysis of the resolved C^/Zs orbifold, and it would 
be very important to consider other higher genus examples in order to test it more carefully. 
It would be also important to extend our checks (which were mostly done in the maximally 
supersymmetric case) to arbitrary values of h. We should note however that this seems to 
require a deeper understanding of the all-genus topological string away from the large radius 
point. Already in the genus one case, it was noted in [1] that for example the expansion of 
the spectral determinant near orbifold points is only feasible in the maximally supersymmetric 
case, since we do not have systematic resummations of the topological string amplitudes at those 
points. In the case of higher genus curves, there are even more limitations of this type. For 
example, the operators paq and p2,2 correspond to half-orbifold points of the geometry, and it 
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seems difficult to write down an explicit quantization condition for these operators in terms of 
half-orbifold quantities for general h. Clearly, more work is needed along this direction. 

Another related question is the following. In the case of genus one curves and for general 
h, it has been shown in [74] that the condition for the vanishing of the spectral determinant 
(i.e. the quantization condition) can be written in a closed form, in terms of the NS free energy 
(3.14). It would be interesting to see if a similar simple form can be found in the higher genus 
case. This might be however more difficult than for mirror curves of genus one. Recall that, 
in the maximally supersymmetric case, the quantization condition involves the vanishing of the 
usual Riemann theta function. When gj] > 2, however, the theta divisor has a more complicated 
parametrization than in genus one, involving in particular the Abel map, and it is not clear that 
one can write a simple quantization condition even when h = 27r. 

As we have emphasized, the quantization scheme for mirror curves of higher genus that 
we are proposing in this paper is different from the more conventional procedure based on an 
underlying quantum integrable system. On the other hand, a construction by Goncharov and 
Kenyon associates an integrable system to any toric CY manifold [69] (see also [70, 71]). The 
quantization of this system leads to g-£ quantization conditions for the moduli of the curve. It 
would be very interesting to understand the precise relation between the quantization of the 
Goncharov-Kenyon system and the quantization procedure developed here. 

The results obtained in this paper might have implications for the study of non-perturbative 
aspects of Ghern-Simons-matter theories. Some of the models studied in [72, 73] in the Fermi 
gas approach involve operators which are obtained from the quantization of higher genus curves. 
The methods and ideas developed in this paper should be useful in their study. 

Of course, there remain deep conceptual questions concerning the origin of the correspon¬ 
dence between spectral theory and topological strings. From a mathematical point of view, it 
would be important to develop a version of the complex WKB method which makes it possible 
to understand the structure of non-perturbative corrections postulated in the conjecture of [1] 
and the extension studied here. From a physical point of view, it would be important to know 
whether there is a full-fledged held theory behind the operators obtained by quantization. As 
pointed out in [1], the behavior of the fermionic spectral traces at large N suggests that it could 
be a theory of M2 branes. Finding and describing in detail such a theory would lead to a much 
deeper understanding of topological string theory in the toric case. 
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A Special geometry of the resolved C^/Zs orbifold 

In this Appendix we collect necessary information on the resolved C^/Zs orbifold, in particular 
its periods. Many of these results have appeared before, in [27-29]. 
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A.l Periods at large radius 

The moduli space of complex structures of this CY is parametrized by the complex variables zi , Z 2 
introduced in (2.28). The periods of this geometry are solutions to the Picard-Fuchs equations 
determined by the following operators [27], 


Cl — — 202,1 + ©3,0 + Zi ( — 200,1 + 300,2 — ©0,3 + 6©i 0 — 

(A.l) 

— 18©i,i + 9 ©i,2 + 27©2,o — 27©2,i + 27©3,o), 

C 2 = © 0,2 — 3©i,i + Z 2 (—200,1 — 400,2 + 01,0 + 401,1 — © 2 , 0 ), (A.2) 

C 3 = © 2,1 + ^ 1^2 (— 2©o,2 + 2©o,3 + 7©i,i — 13©i,2 — 3©2,o + 2402,1 — 903,o) , (A. 3) 

where 0j,j stands for the logarithmic derivative of order i w.r.t. zi and of order j w.r.t. Z 2 - 
The standard way to solve these equations in the large radius point (see for example [75]) is to 
consider the fundamental period zuo{pi, P 2 ), given by 


^o{pi,P2) — 


l,n>0 


Tjpi + I)^r(p2 + i)r(pi - 2 P 2 + i)r(-3pi + P 2 + 
r(£ + pi + l)^r(/i; + p 2 T l)r(7 — 2 k + pi — 2 p 2 + l)r(—3£ + /c — 3pi + P 2 + 1) 


(A.4) 


and take derivatives of this quantity w.r.t. pi, i = 1, 2. We will then dehne, 


We will also denote 


One has, explicitly. 






'9roo(pi,p2)| --in 

dpi ipi=P2=0’ ' 

{2dl^ + 2dp,dp, + 3d2J roo(pi,p2)|^^^^^^o 
{dpr + eSpidpa + 9d2J ■aJo{pi,P2)\p^^p^^o- 


TUii — 


8“^ Wo 


dpidpj 


Pl=P2=0 


3^2 

riaii = log(zi) - 6zi - Z 2 + 45 zi-^ H- , 

— 1os('22) T ‘2zi + 2^2 — 15zi + 3^2 T ■ ■ ■ j 

risj = 21og^(zi)+ 21 og(zi)log( 2 ; 2 )+31og^(z2) H-, 

Ub 2 = log^izi) + 61og(2;i) log(z2) + 91 og^( 2 : 2 ) H-■ 


(A.5) 


(A.6) 


(A.7) 


In terms of the variables (4.14), we have 

zi = Qi + + Q 1 Q 2 + 9Q^ + 10Q^Q2 + 56Q^ + 26 Q^Q 2 + 4Q^(5| + • • • , 

(A.8) 

Z 2 = Q 2 - 2 Q 1 Q 2 - 2Ql + egiQ^ + bQlQ 2 - 3Qi - 32QfQ2 - WQiQl - 4g^ + • • • 

There are two combinations of the A-periods which play an important role, since they can be 
regarded as the flat coordinates corresponding to the moduli X3, xq. They are given by, 


fill — Ilyij + 311^2) — 211^1^ + n^2' 


(A.9) 
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As already noted in [29], their expansions can be written in closed form: 


n„ = log n + 5 ^ 


r(5m + 2r) 


(m,r) 


^ r(l + r)r(l + 3m + r)r(l + m)' 


;(-urzE, 


= log u + 5 ^ 


r(5n + 3r) 


(n,r) 


^ r(l + r)r(l + 2n + r)2r(l + n) 


{-vTi-ziY 


(A.IO) 


Here, (m, r)' and (n, r)' means that the corresponding pairs run over non-negative pairs of inte¬ 
gers, except (0,0). In the same way, one finds the explicit expression 


Hbj = -log^(n) -h 2nAi log(n) 

+ 10^ ! Y ^ "’riSm + 2r)(-urzi. 


(A.ll) 


m,r 


r(l -|- r)r(l -I- m)^r(l + 3m + r) 


A.2 Periods at the (half)-orbifold points 

We also need the analytic continuation of these periods to the other significant points in moduli 
space. Let us first consider the half-orbifold point (4.4). Near this point, zi is large but Z 2 is 
small. To perform the analytic continuation, it is is convenient to write the fundamental period 
in the Mellin-Barnes form. One has 

^^o(pi, / 02 ) = ^ r(/ 9 i -b lfT{p 2 + 1)(-1)^+^ sin( 7 r( 3 / 9 i - p 2 ))T{pi - 2p2 + l)r(-3pi + p 2 + l) 

fe >0 

^ r(-t)r(t + i)4+^^zf^+*r(-fc + 3t + 3pi - P 2 ) 

Jc TTT[k + P 2 + l)r(^ ~\~ Pi l)^r( — 2 /c -\- t -\- p\ — 2 p 2 + 1 ) 

(A.12) 

Here, C is a contour running parallel to the imaginary axis. By closing the contour on the r.h.s. 
and picking up the residues at 

t = l, £>0 (A.13) 

we obtain (A.4). But we can close the contour on the l.h.s. and pick up the residues at 

1 

f =-(/c - re - 3/91 +/ 92 ), n > 0, (A.14) 

O 

and we have 

roo(/Oi,/92) = sin(37r/9i - 7rp2) ^ (^_i^k+n+i^n^\{bk+n+bp 2 ) - re - 3pi +P 2 )') 

^ r(pi -b i)^r(/92 + i)r(pi — 2/92 + i)r(—3pi + p2 + i) 

3re!r(A: + P 2 + l)r (^(-S/c - re - 5/92 + 3)) T (4(A: - re + /92 + 3))^ 

(A.15) 

where we introduced the variable 

X = — (A.16) 

X 3 

and we used 

2:2 = xqX"^, zi = (A.17) 
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The analytic continuation of the large radius periods is simply obtained by taking the derivatives 
of ■ci7o(pi) /O 2 ) in the form (A. 15) as in (A.5). For the A-periods, it is easier to consider the combi¬ 
nations n„, in (A.9). Note that the analytic continuation of the period is straightforward, 
and we simply obtain 


n„(xo,X) = Slog A-b 5 ^ 




r(5m + 2r) 
r(m -b lpr(r -b l)r(3m -b r -b 1) 


(_l)m^5m+2r^r^ (A.18) 


The analytic continuation of 11^ gives, 


n,(xo,A) = ^logA + ^ ^ 

(p.d 




) r(p + i)r(t + i)r(^ + i) 


(A.19) 


We have, 


3 1 

nAi(xo, A) = -n„(xo, A) - -n„(xo. A), 

2 1 

11 ^ 2 ( 3 : 0 , A) = -n^t(xo, A) - -nj,(xo. A). 


It is also useful to consider the following periods. 


^ r(f)^ _ (-i)‘(-x„)»xl(i>+»ir(i(p + 5t)) 


(pb)' 




r(i) 


(pb) 


where the sum 


r(p + i)r(t + i)r(^ + i) 

E 

(pb)" 


2 ’ 


(A. 20 ) 


(A.21) 


(A.22) 


runs over all non-negative integers p, t such that {p, t) / (0,0) and i (p -b 5t) — i G N, while 


E 

(pb)'" 


(A.23) 


runs over all non-negative integers p,t such that {p,t) / (0,0) and ^{p + 5t) — ^ G N. For the 
B-periods, one similarly finds that Ilsa has a straightforward analytic continuation, while for 
IIsi we hnd 


, , lOvrFf^) SttF (I) , 1 , , lOvr 

nsi(xo. A) = —^^^7ri3(xo, A) H- ^ 7r23(xo,A) -b -IIb:,{xo,X) - 

^ ^ 2\^ n. /Q-p / 1 \ ^ A 


3V3r (I) 


3v/3r(l)- 


9 


(A.24) 


see [31] for a similar derivation. 

A similar calculation can be done for the other half-orbifold point, at X 3 = 0. Let us denote 



(A.25) 
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It is convenient to consider the large radius period, but after changing the sign of Z 2 - For this half- 
orbifold point, the particular combination of A-periods which has an easy analytic continuation 
is lit,, and it reads. 


n„ = 5 log y + 5 


OO 


r(5n + 3r) 


^ r(l + r)r(l + 2 n + r)2r(l + n) 

(n,r)' 


y 


5nH-3r 




(A.26) 


The rest of the periods at large radius can be written as linear combinations of the following 
series. 


T^1/2 

^3/2 


_yl/2 


F (2 y 2^ + s) 


j^^T {2 + 2 s-l)T{l + lYT{]^ + l-s) 


y2'+^(-X3) 


2S+1-Z 


2s+l 




3F (2 + 2/ + s) 


j^^{^^T{2 + 2s-l)T{l + lfT{\ + l-s) 

X (4V’(1 + l) + V’(l/2 + l-s)- 5V’(l/2 -2l-s) - 41og(4)) 
^^2(s-1-0!(2/ + s-1)! 


s>l 1=0 


{ 2 s - l)W? 
r(5m + 3r) 


:(_l)syy2i+2^(_^3)2s-z. 


^ ^ F(1 + r)F(l + 2m + r)2r(l + m) 


X (4'0(1 + 2m + r) + ■0(1 + m) — 5'ilj{5m + 3r)) y^™'’''^^(—^ 3 )^ 


One finds. 


(A.27) 


25 5 1 1 ~ 5 TT^ 

^11 = -^log2(y) + 2 ( 7 ^ 1/2 +n^,) - 21 og( 4 ) 7 ri /2 - - 7 r 3/2 - -Ub + -TTi + y, 

5 1 TT^ 

t^l2 = -- log(^)7ri/2 + log(16)7ri/2 + -TTg/s - y, 


(A.28) 


^22 = 0, 


and we finally obtain the following analytic continuation formulae, 

Fai (y, X 3 ) = ^ (n^ + 7ri2), 

^A2{y,X3) = -7ri2, 

Hsi (y, X 3 ) = 2roii + 2roi2, 

Ub 2{Y,X3) = ZUii + 6tI7i2. 


(A.29) 


Let us finally consider the analytic continuation near the full orbifold point, X 3 = xq = 0. 
After some computations, one finds that the fundamental period becomes 

^ y (-l)fe+^x|xgF(pi + 1 )F(p 2 + l)^F(pi - 3p2 + l)r(-2pi + p 2 + 1) 

M 15fc!n!F(i(-3fe-n + 5))r(-|-f+ 1)' (A.30) 

X sin(7r(pi - ‘ip2))g{pu P 2 , k, n), 
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where 


1 


1 


1 


g{pi,P 2 , k,n) = - sin + 5pi)j esc + n + 5pi) j esc [^27r(n - pi + 8^2) 

— sin ( -'/r(n + 5pi — 1) ) sec ( —7r(6A: + 2n + lOpi — 5) ] esc ( -7r(—n + pi — 3/92 + 1) 


1 


— sin -vr(n + 5/9i + 1) sec —7r{6k + 2n + IQpi + 5) esc -'/r(n — /9i + 3p2 + 1) • 


1 


.30 

Then one can check that 

7r( —1 )™'+'’xq^X3 ((— 1 )™'csc (|7r(2m + r)) — 3esc (|7r(m + 3r))) 

m,r 


(A.31) 


nAi(xo,X3) = - ^ 


5m!r!r(-f-f+ l)r(-^-| + l)^ 


nA2(xo,X3) = ^ 


m,r 


7 r(— l)™'+'’x™rE3 (2(—1)"* CSC (g 7 r( 2 m + r)) — esc + 3r))) 

5m!r>r (-M - + l) r | + 1)^ 


(A.32) 


This resnlt can also be obtained with the results of [29]. The B-periods can then be obtained by 
computing derivatives of (A.30). One hnds the closed form expression, 


^ Svr^ , ^ x^xir{l{m + 2r))^ 

*3 |5,,'n!r(>- + i)r(-2p-| + i)’ 


UB2ixo,X3) = -2Tr‘^ + h X] 


sec (^vr(4r — 3m)) {—X 3 )'^XqT (|(m + 2r))" 


(A.33) 




m!r(r + l)r(-^-| + l) 


A.3 Periods at the maximal conifold point 


The maximal conifold point is defined by (4.8). Near this point, we have the vanishing coordinates 
Pi, i = 1, 2, defined by 


1 1 

5;i = -— +Pl, Z2 = -+p2- 


(A.34) 


We expect to have two flat coordinates vanishing at the maximal conifold point, and two 

periods vanishing like t^logtf. In addition, near the maximal conifold point, we expect the 
discriminant (4.7) to vanish like 

A ~ t^t^. (A.35) 


One can indeed find two solutions of the Picard-Fuchs equations with the required behavior. In 
terms of these flat coordinates, the local coordinates pi, i = 1,2 are given by the expansions, 


Pi 


P2 


(25 - ll\/5) tl + (25 + ll\/5) tl 
~~ 250 

(337^/5 - 755) [tlf - (755 + 337^/5) {tlf , 

2500 ^ ’ 

q-q , (7^/5-10)(^i)2 + 10^f^i-(l0 + 7^/5)(^^)2 
5^/5 + 250 


(A.36) 


(A.37) 
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Similarly, one finds the following solutions to the Picard-Fuchs equations, 


51 — t\ log (ti) — (^10 + -v/5^ ^ ~ 2-\/5^ tit 2 + ^ “ 2-\/5^ (t2)^ + • • • , 

5 2 = t% log (t 2 ) + ^ + 2\/5^ (t5)^ ^ (^—10 + \/5^ (t 2 )^ H 

(A.38) 


A.4 Quantum mirror map 

As in [3, 50], the quantum mirror map of the C^/Zs geometry can be computed directly by quan¬ 
tizing the mirror curve with Weyl’s prescription, and solving the resulting difference equation. 
Let us consider the second function in (2.34). After appropriate rescalings of x, y, we find that 
the equation 02(3;, y) + 2:3 = 0 can be written as 

e^ + e*' + zizie-^^-^ + + 1 = 0. (A.39) 


Let us introduce the function 


Vix) = 


ijj{x — ih) 

V’(x) ' 


where ip{x) is a wavefunction in the ^-representation. Therefore, the equation 

(e^' + e^ + ziz^e-^^-^ + zae-^^ + l) {iP) = 0 

becomes 


X + + 1 + V{X) + 


ziZ2q 


3„-3x-3 


V{q^X) 


= 0 , 


where 


q 


= X = 


(A.40) 

(A.41) 

(A.42) 

(A.43) 


We can now solve systematically for V{X) as a power series in zi, Z 2 - The quantum A-period is 
then given by 

Ilu{zi,Z2]K) = \ogu + Ilu{zi,Z2]h), 


where 

Ilu[zi,Z 2 -,h) = -5Resx=o 
We hnd, at the very first orders. 


^log(P(X)) 


(A.44) 

(A.45) 


~ fcx tr I 50zf hzl (4 {q^ +q^ + q^ + 1 ) Zi- ^hq^Z2) 

liu[zi,Z2; h) = 5^2 + -^^^ 

4 (5 + 7g^ + l)zi- 126^^2) ^ 


(A.46) 


qo 


It is easy to check that, when li —)• 0, we recover the classical n„ period in (A. 10). 

We can compute another, independent quantum period by using the representation (4.9) of 
the geometry. After appropriate rescalings, we can write it as 


+ e^ + zie y + Z2e^'' + 1 = 0, 


(A.47) 
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and following the same procedure we used above, we obtain the equation 

X + Z2X2 + 1 + V{X) + = 0. (A.48) 

Solving this, we can obtain the quantum A-period corresponding to IIa 2 - Namely, we find 

IlA2{zi,Z2-,h) = logu + IlA2izi,Z2;h), (A.49) 


UA 2 {zi,Z 2 -,h) = Resx=o 


^(log(R(X))-21og(l/(X-i))) 


, 1 + (-2q^ - 7q^ - I2q* - 7q^ - 2) zf ,, 

= {q + q-^)zi + 2 z 2 + ^ ^ ^ ^ ^ ^ 


(A.50) 
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